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Abstract: In this Report we review the microscopic formulation of the five di- 
mensional black hole of type IIB string theory in terms of the D1-D5 brane system. 
The emphasis here is more on the brane dynamics than on supergravity solutions. 
We show how the low energy brane dynamics, combined with crucial inputs from 
AdS/CFT correspondence, leads to a derivation of black hole thermodynamics 
and the rate of Hawking radiation. Our approach requires a detailed exposition 
of the gauge theory and conformal field theory of the D1-D5 system. We also 
discuss some applications of the AdS/CFT correspondence in the context of black 
hole formation in three dimensions by thermal transition and by collision of point 
particles. 
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1. Introduction 



1.1 Quantum theory and general relativity 

Quantum theory and the general theory of relativity form the basis of modern 
physics. However, these two theories seem to be fundamentally incompatible. 
Quantizing general relativity leads to a number of basic problems: 

1. Ultraviolet divergences render general relativity ill-defined as a quantum the- 
ory (see, e.g. S. Weinberg in [|l|). This specifically means that if we perform 
a perturbation expansion around fiat Minkowski space-time (which is a good 
first approximation to our world) then to subtract infinities from the diver- 
gent diagrams we have to add an infinite number of counterterms to the 
Einstein-Hilbert action with coefficients that are proportional to appropriate 
powers of the ultraviolet cutoff. 

There is good reason to believe that string theory 0, Q solves this ultraviolet 
problem because the extended nature of string interactions have an inherent 
ultraviolet cutoff given by the fundamental string length ^Ja' . Furthermore, 
for length scales much larger than the string length the Einstein-Hilbert ac- 
tion emerges ^ as a low energy effective action from string theory, with 
Newton's constant (for type II strings in ten dimensions) given by, 

Gf^ = STT^gla", (1.1) 

where Qs is the string coupling. 

2. There are many singular classical solutions of general relativity (for standard 
textbooks on classical general relativity, see, e.g., f^, 0, ||, ^^), including 
the Schwarzschild black hole and the Big Bang model of cosmology. Black 
holes and their higher dimensional analogues (black branes) also appear as 
solutions of low energy string theory. A quantum theory of gravity must (a) 
present an understanding regarding which of these singular geometries can 
arise from a well defined quantum mechanics in an appropriate limit, and (b) 
formulate such a quantum mechanics where possible. String theory has been 
able to "resolve" a class of singularities in this way, but a complete under- 
standing of the issue of singularities is still lacking (see []TT], [T^, |T^, |T^, [T^ for 



a partial list of related papers; |]15| contains a review and a comprehensive 
list of references). 

3. While the above problems are related to the high energy (short distance) 
behaviour of general relativity, there exists another basic problem when we 
quantize matter fields in the presence of a black hole, which does not ostensi- 
bly depend on high energy processes. This problem is called the information 
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puzzle ([|T^, [13, for early reviews see, e.g., [jT], 0, |T9|)- In the following we 
shall explain the issue in some detail and subsequently summarize the at- 
tempts within string theory to resolve the puzzle in a certain class of black 
holes. 

Besides being a long-lasting problem of general relativity, this is an impor- 
tant problem for string theory for the following reason. String theory has 
been proposed as a theory that describes all elementary particles and their 
interactions. Presently the theory is not in the stage of development where 
it can provide quantitative predictions in particle physics. However if string 
theory can resolve some logical problem that arises in the applications of 
standard quantum field theory to general relativity, then it is a step forward 
for string theory. 

4. Finally, any quantum theory of gravity should lead to an understanding of 
the problem of the cosmological constant (for reviews see, e.g. p2|). 



1.2 Black holes and the information puzzle 

Let us briefly review some general properties of black holes |^, |, ^ |TD[. Black 
holes are objects which result as end points of gravitational collapse of matter. 
For an object of mass greater than roughly three solar masses (see, e.g. [0]), the 
gravitational force overcomes all other forces and the matter generically collapses 
into a black hole (in some exceptional cases a naked singularity might result). This 
would suggest that to specify a black hole it is necessary to give in detail the initial 
conditions of the collapse. As we will see below a black hole is completely specified 
by a few parameters only. 

To introduce various concepts related to black holes we will discuss two ex- 
amples of black holes. First, let us consider the Schwarzschild black hole in 3 + 1 
dimensions. It is a time independent, spherically symmetric solution of Einstein 
gravity without matter. The metric is given by 

ds^ = -il — ]dt^ +{l — dr^ + r^dVL^ (1.2) 



where Gj^ is the Newton's constant -"^ and dVt^ = [dO"^ + O'^dcjP) is the metric on 
S"^ . We have chosen units so that the velocity of light is c = 1. The surface 
r = 2GnM is called the event horizon. It is a coordinate singularity {grr = 00) but 
not a curvature singularity (e.g., Ricci scalar is finite here). Light-like geodesies 
and time-like geodesies starting "inside" the event horizon (r < 2GjqM) end up 
at r = (the curvature singularity) in a finite proper time. This means that 



^We will use the notation or for Newton's constant in D spacetime dimensions, 

reserving the default Gjv for D — A. 
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classically the black hole is truly black, it cannot emit anything. Note that the 
solution is completely specified by only one parameter M, which coincides with 
the ADM mass (see ( pTT^ )) of the black hole. 

Next we consider the Reissner-Nordstrom (RN) black hole. It is a time inde- 
pendent, spherically symmetric solution of Einstein gravity coupled to the electro- 
magnetic field. The solution is given by the following backgrounds: 

Ao = -, A, = 0, z = l,2,3. (1.3) 

r 

where Aq is the time component of the vector potential. This solution carries a 
charge Q (the Schwarzschild black hole, Eqn. ( [1.2|) , corresponds to the special case 
Q = 0). There are two coordinate singularities {grr = oo) at r = r+ (outer horizon) 
and r = r_ (inner horizon) 



r± = GnM ± JiGNM)^ - GnQ^ (1-4) 



The event horizon coincides with the outer horizon r = r+. When M = \Q\/^/Gn, 
r+ coincides with r_. Such a black hole is called an extremal black hole. Note that 



the black hole ( |1.3| ) is completely specified by its mass M and the charge Q. 

The D1-D5 black hole, which will be the main subject of this report, is similar 
to the RN black hole; it is charged under Ramond-Ramond fields in type IIB string 
theory and has the same causal structure, equivalently the same Penrose diagram 
(see Section ^.4.11), as the RN black hole. 



The point r = is a curvature singularity for both the Schwarzschild solution 
( |1.2| ) and the Reissner-Nordstrom solution (pTsp. The singularity is "clothed" by 
the event horizon in the physical range of parameters (M > for Schwarzschild, 
M > \Q\/\/Gn for RN). The ranges of mass: M < for Schwarzschild, M < 
\Q\/VGn for RN, are unphysical because these result in a naked singularity (see, 
e.g. ||n|). The limiting case for the RN black hole, M = IQI/^/Gn, is called an 
extremal black hole, as already mentioned above. 

In general, collapsing matter results in black holes which are completely spec- 
ified by the mass M, the U{1) charges Qi and the angular momentum J. This is 
called the no hair theorem (see, e.g.,p4|, B^, B^, for a review). Whatever other 



information (for example, multipole moments) present decays exponentially fast 
with a characteristic time r = r^/c, during the collapse, (r^ is the radius of the 
horizon and c is the speed of light). Thus, all detailed information carried by the 
collapsing matter is completely lost. 

The other beautiful result of classical general relativity is the so called area 
law. It says that the area of the horizon of a black hole cannot decrease with 
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time, and if two (or more) black holes (of areas Ai, A2, . . .) merge to form a single 
black hole, the area A of its horizon will satisfy 

A>Ai + A2 + ... (1.5) 

This general result is easy to verify for the Schwarzschild and Reissner-Nordstrom 
black holes that we have discussed above. 

Bekenstein argued that unless a black hole had entropy, an infalling hot body 
would lead to a violation of the second law of thermodynamics because the entropy 
of the hot body will be lost once it is absorbed by the black hole, thus causing 
entropy to decrease. He postulated that the entropy of a black hole is proportional 
to the area of the event horizon, the constant of proportionality being universal 
for all black holes. The area law now have natural thermodynamic interpretations 
and the macroscopic observables allowed by the no hair theorems play the role of 
macroscopic thermodynamic variables. In the classical theory, however, there is no 
notion of the absolute entropy of a system. Such a concept, as we shall see now, 
requires quantum theory. 

In his pioneering work in the seventies. Hawking [|l^ quantized matter fields 
in the background geometry of a black hole. He found by that the Schwarzschild 
black hole is not truly black. A semi-classical calculation showed that it emits 
radiation with the spectrum of a black body at a temperature T given by 

= 

The quantum nature of this effect is clearly evident from the fact that the temper- 
ature is proportional to h. For the Reissner-Nordstrom black hole the temperature 
of Hawking radiation is 

(r. — r_)h , , 

where r± are defined in ( p.. 41) as functions of Q, M. A brief derivation of the 
temperature formulae, using the Euclidean approach is presented in Appendix 
0. One notes that the extremal Reissner-Nordstrom black hole has = and 
does not Hawking radiate. 

In general the Hawking temperature turns out to be a function of mass, the 
charge(s) and the angular momentum alone. Thus even semi-classical effects do 
not provide further information of the black hole. The works in the seventies cul- 
minated in the following laws of black holes E^, BUI, PTI, P2| which are analogous to 
the laws of thermodynamics. 



1. First Law: Two neighbouring equilibrium states of a black hole, of mass M, 
charges Qi and angular momentum J, are related by 

A 



dM = Tnd 



^idQi + VtdJ 



1.^ 



7 



where A is the area of the event horizon, $ the electric surface potential and 
Q the angular velocity. For the special case of the Reissner-Nordstrom black 
hole the first law reduces to 



dM = Tffd 



A 



+ <^dQ. (1.9) 



AGNh 

where $ = Q/r^. This is explicitly verified in appendix Eqn. ( [A.ll| ). 

2. Second Law: Black holes have entropy S given by 

^ ^ 1 ^ . ^ 

AGNh AApi ^ ^ 

Api = ^ 1.11 

where we have reinstated in the last equation the speed of light c. The 
generalized second law says that the sum of the entropy of the black hole and 
the surroundings never decreases (this is a generalized form of (|1.5| )). 

Formula (|1.1CI|) , called the Bekenstein-Hawking entropy formula, is very impor- 
tant because it provides a counting of the effective number of degrees of freedom of 
a black hole which any theory of quantum gravity must reproduce. We note that 
Api in ( |1 . 1 ID is a basic unit of area (Planck unit), involving all three fundamental 
constants {Api = 2.61 x lO^^^cm^ in four dimensions). The Bekenstein-Hawking 
formula simply states that the entropy of a black hole is a quarter of its horizon 
area measured in units of Api. 

The entropy of the Schwarzschild black hole, according to ( |1.10 ) is 



S = AttGnM^ (1.12) 

while that of the RN black hole is 

The Hawking radiation as calculated in semi-classical general relativity is a mixed 
state. It turns out to be difficult to calculate the correlations between the infalling 
matter and outgoing Hawking particles in the standard framework of general rel- 
ativity. Such a calculation would require a good quantum theory of gravity where 
controlled approximations are possible |^ . 



If we accept the semi-classical result that black holes emit radiation that is 
exactlv thermal then it leads to the information puzzle (|16|, |l^, |l], |18|, p!9|): 

Initially the matter that formed the black hole is in a pure quantum mechanical 
state. Here in principle we know all the quantum mechanical correlations between 
the degrees of freedom of the system. In case the black hole evaporates completely 
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then the final state of the system is purely thermal and hence it is a mixed state. 
This evolution of a pure state to a mixed state is in confiict with the standard 
laws of quantum mechanics which involve unitary time evolution which sends pure 
states to pure states. 

Hence it would appear that we have to modify quantum mechanics, as was 



advocated by Hawking |jT^. However, in the following we shall argue that if we 
replace the paradigm of quantum field theory by that of string theory (Section pT3|) , 
we are able to retain quantum mechanics and resolve the information puzzle (for 
a certain class of black holes) by discovering the microscopic degrees of freedom of 
the black hole. 

It is well worth pointing out that the existence of black holes in nature (for 
which there is mounting evidence p3[) compels us to resolve the conundrums that 



black holes present. One can perhaps take recourse to the fact that for a black hole 
whose mass is a few solar masses the Hawking temperature is very tiny (~ 10^*^ 
degree Kelvin), and not of any observable consequence. However the logical prob- 
lem that we have described above cannot be wished away and its resolution makes 
a definitive case for the string paradigm as a correct framework for fundamental 
physics as opposed to standard local quantum field theory. 

This assertion implicitly assumes that in string theory there exists a controlled 
calculational scheme to calculate the properties of black holes. Fortunately there 
does exist a class of black holes in type IIB string theory compactified on a 4- 
manifold (T^ or K^) which has sufficient supersymmetry to enable a precise calcu- 
lation of low energy processes of this class of black holes. This aspect is the main 
focus of this review. 

1.3 The string theory framework for black holes 

We now briefiy describe the conceptual framework of black hole thermodynamics in 
string theory. A black hole of a given mass M, charges Qi and angular momentum 
J is defined by a density matrix (see also (^.2|) ): 



where \i) is a microstate which can be any of a set S of states [microcanonical 
ensemble) all of which are characterized by the above mentioned mass, charges 
and angular momentum. 



A definition like (|1.14|) is of course standard in quantum statistical mechanics, 
where a system with a large number of degrees of freedom is described by a den- 
sity matrix to derive a thermodynamic description. Using ( |1.14|) thermodynamic 



quantities like the temperature, entropy and the rates of Hawking radiation can be 
derived for a black hole in string theory (see Section 8 for details). In particular 
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the Bekenstein-Hawking formula is derived from Boltzmann's law: 

S^lnQ (1.15) 

where Q is the number of microstates of the system. We are using units so that 
the Boltzmann constant is unity. 

Given this we can calculate formulas of black hole thermodynamics just like 
we calculate the thermodynamic properties of macroscopic objects using standard 
methods of statistical mechanics. Here the quantum correlations that existed in 
the initial state of the system are in principle all present and are only erased by 
our procedure of defining the black hole state in terms of a density matrix. In this 
way one can account for not only the entropy of the system which is a counting 
problem but also the rate of Hawking radiation which depends on interactions. 

Let us recall the treatment of radiation coming from a star, or a lump of hot 
coal. The 'thermal' description of the radiation coming is the result of averaging 
over a large number of quantum states of the coal. In principle by making detailed 
measurements on the wave function of the emitted radiation we can infer the precise 
quantum state of the emitting body. For black holes the reasoning is similar. 

Hence in the string theory formulation the black hole can exist as a pure 
state: one among the highly degenerate set of states that are characterized by a 
small number of parameters. Let us also note that in Hawking's semi-classical 
analysis, which uses quantum field theory in a given black-hole space-time, there 
is no possibility of a microscopic construction of the black hole wave functions. 
To repeat, in string theory Hawking radiation is not thermal and in principle we 
can reconstruct the initial state of the system from the final state, which therefore 
resolves the information paradox. 

We shall see that in the case of the five-dimensional black hole of type IIB 
string theory it is possible to construct a precise microscopic description of black 
hole thermodynamics. We now summarize the four basic ingredients we need to 
describe and calculate Hawking radiation for near extremal black holes which have 
low Hawking temperature: 

1. The microscopic constituents of the black hole. In the case of the 5-dimensional 
black hole of type IIB string theory the microscopic modeling is in terms of a 
system of D1-D5 branes wrapped on x M4, where M4 is a 4-dim. compact 
manifold, which can be either or K^. In this report we will mainly focus 
on 

2. The spectrum of the low energy degrees of freedom of the bound state of the 
D1-D5 system. These are derived at weak coupling and we need to know if 
the spectrum survives at strong coupling. 

3. The coupling of the low energy degrees of freedom to supergravity modes. 
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4. The description of the black hole as a density matrix. This implies expressions 
for decay and absorption probabilities which are related to S-matrix elements 
between initial and final states of the black hole. 

To understand the microscopic calculation of Hawking rate in a nutshell, con- 
sider a black hole of mass M and charge Q, described by a microcanonical ensemble 
S. Consider the process of absorption of some particles by the black hole which 
changes the mass and charge to M', Q' (corresponding to another microcanonical 
ensemble, say S'). Let f2 {Q!) be the total number of states in S (resp. S'). The 
absorption probability from a state \i) G iS to a state |/) E S' is given by 

^abs(^-/) = ^El(/I^K)l' (1-16) 

where, by definition, we sum over the final states and average over the initial states. 
Similarly, the decay probability from a state \i >E S' to a, state |/ >G 5 is given 

by 

Pdecay(^-/) = ^EK/I^K)r (I'l^) 

Point (3) above allows us to calculate the matrix element {f\S\i) in string theory, 
thus leading to a calculation of absorption cross-section and Hawking rate. We will 
elaborate on this in detail in Section 8. 

One of the important issues in this subject is that the string theory ingredients 
(points (1) and (2) above) are usually known in the case when the effective open 
string coupling is small. In this case the Schwarzschild radius Rsch of the black hole 
is smaller than the string length Ig and we have a controlled definition of a string 
state. As the coupling is increased we go over to the supergravity description where 
Rsch S> Is and we have a black hole. Now it is an issue of dynamics whether the 
spectrum of the theory undergoes a drastic change or not, determining whether the 
description of states in weak coupling, which enabled a thermodynamic description, 
remains valid or not. In the model we will consider we will see that the description 
of the weak coupling effective Lagrangian goes over to strong coupling because of 
super symmetry. It is an outstanding challenge to understand this problem when 
the weak coupling theory has little or no supersymmetry [|^, |3^, |3^ . We will 
briefly touch upon this issue in Section 11. 

1.4 Plan of this Report 

The plan of the rest of this Report is as follows. 

In Section 2, we discuss in some detail the construction of the five-dimensional 
black hole solution in type IIB supergravity. We provide a brief background of 
how to construct BPS solutions in M-theory from first principles by explicitly 
solving Killing spinor equations; we focus on the example of the M2 brane and 



11 



its intersections. We then construct the D1-D5 black string solution by dualizing 
M2±M2, and the extremal (BPS) D1-D5 black hole by dualizing M2±M2±M2. 
We then describe an algorithm of how to generate non-BPS solutions from BPS 
ones; we provide a motivation for this algorithm in Appendix B. We compute the 
Bekenstein-Hawking entropy and the Hawking temperature of these black holes. 
We next discuss how to generate non-zero -Bns in the D1-D5 system by exact 
dualities in supergravity. In the absence of the 5ns vev, the D1-D5 system is 
marginally bound and can fragment into clusters of smaller D1-D5 systems. We 
show, by constructing the exact supergravity solution with non-zero -Bns; that the 
BPS mass formula becomes non-linear in the masses of the Dl and D5 branes and 
that a binding energy is generated. The picture of the bound state thus obtained is 
compared with gauge theory and conformal field theory in Sections 4 and 7. Next, 
we describe the appearance of AdSa and BTZ black holes as the "near-horizon 
limit" of the D1-D5 string and the D1-D5 black hole, respectively; this discussion 
is used as background material (together with Appendix C) for the discussions of 
AdS/CFT in Sections 6 and 11. In the context of the near-horizon physics we also 
discuss a connection between the pure five-brane system and the two-dimensional 
black hole. 

In Section 3, we describe the semiclassical derivation of absorption cross-section 
(also called graybody factor) and the rate of Hawking radiation for the near- 
extremal five- dimensional black hole constructed in Section 2. We describe various 
fluctuations around the black hole solutions. We specifically focus on (a) minimal 
scalars which couple only to the five-dimensional Einstein-frame metric, and (b) 
fixed scalars which couple also to other background fields like the Ramond-Ramond 
fluxes. We derive case (a) in more detail in which we show that the computation 
of the graybody factor and the Hawking rate essentially depends only on the near- 
horizon limit. Both cases (a) and (b) are compared with the D1-D5 conformal field 
theory calculations in Section 8 where we find exact agreement with the results of 
Section 3. The agreement involves new first principles calculations in the D-brane 
conformal field theory which involve significant conceptual departures from the 
phenomenological approach adopted in the early calculations (see |39| , |40[| for 
the original papers and for a review). We mention the new points in detail 
in Section 8 (esp. Sees |8.6.1| , pI7| ). The results in Section 3 and Section 8 have a 
priori different regions of validity; a comparison therefore involves an extrapolation 
which is made possible by non-renormalization theorems discussed in Section 9. 

In Section 4, we discuss the gauge theory for the D1-D5 system. This system 
is closely related to the five- dimensional black hole solution. The D1-D5 system, as 
discussed in Section 2, consists of Qi Dl branes and D5 branes wrapped on a 
in type IIB theory. It is a black string in six dimensions. The five-dimensional black 
hole solution is obtained by wrapping the black string on a circle and introducing 
Kaluza-Klein momenta along this direction. For the purpose of understanding 
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Hawking radiation from the five-dimensional black hole it is sufficient to study 
the low energy effective theory of the D1-D5 system. The low energy theory of 
the D1-D5 system is a 1 + 1 dimensional supersymmetric gauge theory with gauge 
group U (Qi) X U (Qs). It has 8 supersymmetries. The matter content of this theory 
consists of hypermultiplets transforming as bi-fundamentals of U (Qi) x U (Qs)- We 
review in detail the field content of this theory and its symmetries. The bound 
state of the Dl and D5 branes is described by the Higgs branch of this theory. 
We show the existence of this bound state when the Fayet-Iliopoulos terms are 
non-zero. The Higgs branch of the D1-D5 system flows in the infrared to a certain 
A/" = (4,4) superconformal field theory (SCFT). A more detailed understanding of 
this conformal field theory can be obtained by thinking of the bound Dl branes as 
solitonic strings of the D5 brane theory. From this point of view the target space of 
the SCFT is the moduli space of Qi instantons of a U{Q^) gauge theory on T^. This 
moduli space is known to be a resolution of the orbifold (T)^^^^ / SlQiQ^) which 
we denote by A4. S^QiQ^) stands for the symmetric permutation group of Q1Q5 
elements. The torus can be distinct from the compactification torus T^. We 
review the evidence for this result. The mere fact that the low energy theory is a 
(super) conformal field theory with a known central charge, is used in Section to 
provide a short-hand derivation of the Bekenstein-Hawking entropy and Hawking 
temperature. The complete derivation, including that of the graybody factor and 
Hawking rate, is however possible only in Section 8 after we have discussed in 
detail the precise SCFT in Section 5,the couplings to the bulk fields in Section 6 
and the location of the SCFT used in the moduli space of the M. = (4, 4) SCFT on 
A4. It turns out the supergravity calculation and the SCFT are at different points 
in the moduli space and the reason they agree is due to the non-renormalization 
theorems discussed in section 9. 

In Section 5 we formulate the SCFT on we will discuss in detail a realization 
of this orbifold SCFT as a free field theory with identifications. The symmetries 
of this SCFT including a new SO {4) algebra will also be discussed. As the SCFT 
relevant for the D1-D5 system is a resolution of the SCFT on the orbifold Ai, 
we construct all the marginal operators of this SCFT including operators which 
correspond to blowing up modes. We classify the marginal operators according 
to the short multiplets of the global part of the Af = (4, 4) superalgebra and the 
new 5*0(4) algebra. We then explicitly construct all the short multiplets of the 
SCFT on A4 and classify them according to the global subgroup of the Af = (4, 4) 
superconformal algebra. These short multiplets are shown to be in one to one 
correspondence with the spectrum of short-multiplets of supergravity in the near 
horizon geometry of the D1-D5 system in section 6. 

Now that we have discussed the microscopic degrees of freedom in section 6 we 
take the next step towards the microscopic understanding of Hawking radiation. 
We find the precise coupling of the fields of the supergravity to the microscopic 
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SCFT. This is given by a specific SCFT operator 0{z,z), which couples to the 
supergravity field in the form of an interaction. 

S,nt= f^l d^z(j){z,z)Oiz,z) (1.18) 

where /i is the strength of the coupling. As the Af = (4, 4) SCFT on Ai is an 
"effective" theory of the D1-D5 system, it is difficult to fix the coupling of this 
theory to the supergravity fields using ab-initio methods . We fix the operator in 
the SCFT corresponding to the supergravity field using the method of symmetries. 
The near horizon limit of the D1-D5 system exhibits enhanced symmetries. This 
is a special case of the AdS/CFT correspondence. As we have seen in section 2 the 
near horizon geometry of the D1-D5 system reduces to that of AdS^ x x T^. The 
AdS/CFT correspondence |^ states that string theory on AdS^, xS^xT^ is dual to 
the 1 + 1 dimensional SCFT describing the Higgs branch of the D1-D5 system on T^. 
For large Q1Q5 the radius of is large in string units. The Kaluza-Klein modes on 
is of the order of string length. Thus type JIB string theory on AdS^ x xT"^ 
passes over to 6 dimensional (2, 2) supergravity on AdS^ x S^. We will work in the 
supergravity limit. The evidence for this correspondence comes from symmetries. 
The isometries of AdS^ correspond to the global part of the Virasoro group of the 
SCFT. The R-symmetry of the SCFT is identified with the isometry of the S^. 
The number of supersymmetries of the bulk get enhanced to 16 from 8. These 
correspond to the global supersymmetries of the A/" = (4, 4) superalgebra of the 
SCFT. Thus the global part of the superalgebra of the SCFT is identified with the 
AdSs X supergroup, SU{1, 1|2) x SU{1, 1|2). Therefore a viable strategy to fix 
the coupling is to classify both the bulk fields and the SCFT operators according 
to the symmetries. The question then would be if this procedure can fix the SCFT 
operator required for analysing Hawking radiation. We will review the classification 
of the entire set of Kaluza-Klein modes of the six-dimensional supergravity on 5*^ 
as short multiplets of SU{1, 1|2) x SU{1, 1|2) We use symmetries, including 
the new global 50(4) algebra, to identify the marginal operators constructed in 
section 5 with their corresponding supergravity fields. The enables us to identify 
the operators corresponding to the minimal scalars. We also identify the quantum 
numbers of the fixed scalars and the intermediate scalars. 

From section 5 and section 6 we see that there is a one to one correspondence 
between the moduli of the Af = (4, 4) SCFT on A4 and the moduh of supergravity. 
In section 7 we address the question where in this moduli space is the free field 
orbifold SCFT, which we use in our calculations, with respect to the supergravity 
solution. Let us first examine the supergravity side. In section 2 we constructed the 
supergravity solution with the self-dual Neveu-Schwarz B field turned on. The self 
dual NS B-field is a moduli of the D1-D5 background. The mass formula for these 
solutions was nonlinear and had a binding energy for the break up of the D1-D5 
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system into constituent Dl and D5 branes. This is unlike the case when no moduh 
is turned on. The mass formula in that case is linear and the system is marginally 
stable with respect to decay into constituent branes. We see in section 7 that the 
effective theory from supergravity governing the decay of the D1-D5 system is a 
Liouville theory. This is derived by using probe branes near the boundary of AdS^- 
These branes are called long strings. We then derive this Liouville theory from the 
D1-D5 gauge theory. As we have seen in section 4, absence of a bound state implies 
that the Fayet-Iliopoulos and 6 terms have to be set to zero . In section 7 we see 
that the effective theory near the origin of the Higgs branch {i.e. when these terms 
are small but non-zero) is the same Liouville theory as seen in supergravity. This 
Liouville theory is strongly coupled and singular at the origin of the Higgs branch. 
The free orbifold SCFT on A^, on the other hand, is regular and finite. Thus we 
conclude that the free orbifold theory must correspond, (a) in the gauge theory 
to a point where the Fayet-Iliopoulos and/or 6 terms do not vanish, equivalently 
(b) in supergravity when some of the moduli are turned on which lead to non-zero 
binding energy, as mentioned above. More specifically we will see that the orbifold 
theory corresponds to a point where the 6 term in the gauge theory of the D1-D5 
system is turned on. Thus the simple supergravity solution of Sections 2.3 and 
2.4 is at a different point in moduli space compared to the SCFT. In section 9 we 
describe why calculations done in the free orbifold SCFT can be valid at the point 
in moduli space which corresponds to the simple supergravity solution. 

In Section 8, we derive the thermodynamics of the five-dimensional black hole 
from the microscopic viewpoint (SCFT). We use the free field orbifold A/" = (4,4) 
SCFT on Ai as the microscopic theory. The D1-D5 black hole is identified as an 
excited state with definite left and right conformal weights over the Ramond sector 
of this theory. Using Cardy's formula we get the asymptotic state counting for a 
conformal field theory in terms of its central charge and the level number. Use of 
the Cardy formula in the SCFT for the black hole state shows that the entropy 
evaluated from SCFT precisely matches with the entropy of D1-D5 black hole. 
We then discuss Hawking radiation of minimal scalars from the D1-D5 black hole. 
In order to do this we have to fix the strength of the coupling /i of the minimal 
scalar to its boundary operator in ( |1.18D . We determine this by matching the two 
point functions evaluated in the SCFT and supergravity. It is only here we use 
the more quantitative version of the AdS/CFT correspondence. Once the coupling, 
and hence Stnt is determined. Hawking radiation/absorption cross-section from the 
microscopic SCFT can be derived as a purely quantum scattering process. We for- 
mulate the absorption cross-section calculation from the SCFT as an evaluation of 
the thermal Green's function of the operators O in ( |1.1S ). The absorption cross- 
section evaluated from SCFT agrees with the semi-classical calculation evaluated 
in supergravity in section 3. In Sections ^.6.1| and p.7| we point out the differences 
between the present SCFT results and those in the early works (reviewed in ET 
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which, adopted a phenomenological approach for the D-brane degrees of freedom 
as well as the coupling to supergravity fields. The phenomenological method had 
a discrepancy for 4 minimal scalars (which correspond to blow-up modes in the 
SCFT) and fixed scalars from the semi-classical results of Section 3. In fact using 
the phenomenological Dirac-Born-Infeld action for the D-brane degrees of there is 
no accounting at all for the minimal scalars corresponding to the blow-up modes. 
We show that the first principles calculation presented in Section 8 remove these 
discrepancies. We also outline the absorption cross-section calculation for the in- 
termediate scalars. 

Though the M = (4, 4) SCFT and the near horizon moduli of supergravity 
agree, we have seen in section 7 that the free field orbifold theory is at a different 
point in moduli space compared to the supergravity solution. In section 9 we 
see why calculations done using the free orbifold theory are valid and agree with 
that of supergravity. We show how the spectrum of short multiplets, the entropy 
and the calculation of Hawking radiation are independent of moduli both on the 
SCFT and supergravity side due to non-renormalization theorems. In discussing 
non-renormalization theorems for Hawking radiation we first examine the dilute 
gas approximations and the low energy approximation made in the semi-classical 
calculation in section 3 and show how they appear in the SCFT. 

In section 10 we go beyond the supergravity approximation in the study of the 
near horizon geometry, AdS^ xS^ xT'^ and study string theory in this curved back- 
ground to explore the AdS/CFT correspondence. Since string theory in Ramond- 
Ramond backgrounds are difficult to study it is convenient to study the near hori- 
zon geometry of the S-dual to the D1-D5 system, the NS1-NS5 brane system. We 
review the spectrum of strings in this background and show that the long strings 
found in section 7 play an important role in the completion of the spectrum. We 
then review the formulation of string theory on Euclidean AdS^ and derive the 
world sheet algebra of the long string. It is seen, as expected from S-duality, that 
the world sheet theory is a lioville theory which coincides with that of the single 
long Dl-string near near the boundary of AdS^ in section 7. We then review the 
elvaluation of the partition function of a gas of strings in thermal AdS^. From this 
partition function it can be verified that long strings are present in the spectrum as 
expected from the analysis of the spectrum with the Lorentzian signature metric. 

In Section 11, we discuss some applications of AdS/CFT correspondence (in- 
troduced in Section 6). In the first part we discuss the thermal phase transition 
(Hawking-Page) in AdSs and how to understand it in terms of the dual CFT pic- 
ture. We show that the Euclidean partition of asymptotically AdS^ spaces can 
be evaluated in the leading semiclassical approximation as a sum over an SL(2,Z) 
family of saddle-point configurations, of which two members are AdSaand the BTZ 
black hole. We discuss the issue of boundary conditions of this partition function 
(see also Appendix C) and relate it to the boundary conditions of the CFT par- 



16 



tition function. Wc calculate the BTZ partition function in AdSs supergravity as 
well as in the boundary SCFT and show that they agree. We show that the super- 
gravity partition function is dominated at low energies by AdSa, and high energies 
by the Euclidean BTZ black hole; from the CFT viewpoint this phenomenon gets 
related to the fact that at low temperatures the NS sector dominates and high tem- 
peratures the Ramond sector dominates. The modular invariance of the boundary 
SCFT points gets related to a similar modular invariance in the three-dimensional 
supergravity. We next describe some new spaces which are also asymptotically 
AdSa; these are conical spaces which are created by static point particles. We dis- 
cuss various ways of understanding them as solutions of string theory, the simplest 
being the case of cones which arc described as orbifolds. We briefly discuss 
the CFT duals. We end the discussion with conical spaces created by moving 
point particles and describe the scenario in which two such particles with sufficient 
energy to form a BTZ black hole. The dual CFT is left as an open problem. 
In Section 12 we conclude with a discussion of some open problems. 
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2. Construction of classical solutions 



The aim of this section will be to construct the classical solution representing 
the five-dimensional black hole in [El]. Rather than presenting the solution and 



showing that it solves the low energy equations of type II superstring, we will 
describe some aspects of the art of solution-building. There are many excellent 

, n, in, n, n, [ 



reviews of this area (see, for example, [|^, other 
general reviews on black holes in string/M theories include 0, ^5], ^), so we shall 
be brief. The method of construction of various classical solutions, we will see, will 
throw light on the microscopic configurations corresponding to these solutions. 
Two widely used methods for construction of classical solutions are 

(a) the method of harmonic superposition 

(b) 0{d,d) transformations 

We will mainly concentrate on the first one below. For a more detailed account 
including the second method, see, e.g.. 



50|. 



As is well-known by now, classical solutions of type II string theories can 
be obtained from those of M-theory through suitable compactification 

and dualities. We will accordingly start with classical solutions of M-theory, or 
alternatively, of 11-dimensional supergravity. 

We should note two important points: 

(a) For classical supergravity description of these solutions to be valid, we need 
the curvature to be small (in the scale of the 11-dimensional Planck length In for 
solutions of M-theory, or of the string length Ig for string theories) 

(b) Since various superstring theories are defined (through perturbation theory) 
only in the (respective) weakly coupled regimes, in order to meaningfully talk 
about classical solutions of various string theories we need the string coupling also 
to be small. 

For the RR charged type II solutions (charge Q) that we will describe below, 
both the above conditions can be met if Q ^ 1 / gs ^ I (that is, gsQ 3> l,gs <^ 1)- 

2.1 Classical solutions of M-theory 

The massless modes of M-theory are those of 11-dimensional supergravity: the 

(3) 

metric Gmn, the gravitino V'm and a three-form Ay^p, M = 0, 1, . . . , 10. 
The (bosonic part of the) classical action is 

S,, = -}- f S\[^{R - -3-(dA(3))2) _ 1^(3) A A (2.1) 
^t^ii J 48 6 

There are two basic classical solutions of this Lagrangian, the M2 and M5 branes, 
whose intersections account for most stable supersymmetric solutions of M-theory 
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2.1.1 The 2-brane solution of M-theory: M2 



It will suffice for us to describe only the M2-brane solution ||6T| in some detail. 
Statement of the problem: we want to find (a) a relativistic 2-brane solution of ( |2.1| ) 
(say stretching along x^'^) with (b) some number of unbroken supersymmetries. 

Condition (a) implies that the solution must have a SO {2, 1)0,1,2 x "S"© (8)3^4 . ..^10 
symmetry, together with translational symmetries along x'''^'^^. This uniquely leads 
to 



dsli 



^2A 



'•'^dx^dx^ + e^^^'^'^dx'^dxr, 



^(3) _ e^«(")dt A dx^ A dx^ 



(2.2) 



where = 0, 1, 2 denote directions parallel to the world- volume and m = 3,...,9,10 
denote the transverse directions, = x^Xm- 

Condition (b) implies that there should exist a non-empty set of supersym- 



metry transformations e preserving the solution (p.2| ); in particular the gravitino 
variation 



'm 



Due + ^(rr^^ - 85^r^«^)F;vPgii6 = 0, where 



DMe =[dM + -^uj^F^BC ) e 



(2.3) 



must vanish for some e's. 

It is straightforward to see that Eqn. ( p.3|) vanishes for M = fi (world volume 
directions) if 



and r°i2 



A3 
e 



0, 
e 



(2.4) 



where the caret " denotes local Lorenz indices. (Flipping the sign of A^^^ would 
correspond to — e on the right hand side of the last line of ( p.4| ): this would corre- 
spond to an anti-brane solution in our convention.) 

The M = m (transverse) components of ( p.3|) give rise to the further conditions 



Ai 
e 



-2A2 



(2.5) 



Harmonic equation 

^The subscripts denote which directions are acted on by the SO groups. We denote spacetime 
coordinates by a;*^, M = 0, 1, . . . , 10. 
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The equations (2^) and ( p.5|) fix the three functions Ai in (|2.2|) in terms of 
just one function, say ^3. It is easy to determine it by looking at the equation of 
motion of the three-form potential: 

dMiV^F'^^^Q) + ^e^^Q^^^^^^F^^cDF^FGH = (2.6) 

The second term is clearly zero for our ansatz (|2.2| ) for A^^\ The first term, 
evaluated for (P, Q, R) = (0, 1, 2) gives to 

dMe-""') = (2.7) 

Thus, the full M2 solution is given by 

dsj^ = H^/^[H-^dx^dx^ + dx'^dxm] 

^(3) ^ ^ ^^1 ^ ^^2 (^2.8) 
where H = H{r) satisfies the harmonic equation in the transverse coordinates 

d^d^H = (2.9) 
The simplest solution for if, in an asymptotically fiat space, is given by 

H=l + k/r^ (2.10) 
Clearly, multi-centred solutions are also allowed: 

^=1 + E^^ (2-11) 

i \ ^\ 

where x denotes the transverse directions x™. 

We note that, the constant, 1, in ( p.lO| ) is essentially an integration constant. 
Clearly, it can also be zero; such choices have led to M/string theory solutions 
involving AdS spaces. The point of this remark is to emphasize that the near- 
horizon geometry (r 0), important in the context of AdS/CFT correspondence 



1^, ^ in which H = k/r\ corresponds to a complete solution in its own right 



without the appendage of the asymptotically fiat regions. We will return to the 
AdS/CFT correspondence many times in this as well as later Sections. 

ADM mass 

The integration constant k in ( p.lOj ) affects the asymptotic fall-off of the metric 
as well as of the field strength, and is related to the ADM mass (per unit area of 
the 2-brane) M and to the gauge charge (per unit area) q. Using the definitions^ 

M = J^^d'E'^id^'h^n - dmh), (2.12) 

7 



q = / t/^S™P„oi2, (2.13) 
we get M = Qkn^ = q (2.14) 



^We follow the normalizations in Esl which differ from, e.g. m 
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Here S'^ represents the sphere at = x"^Xm = oo,'^ huN = Qmn — Vmn, h = 
EiLi hMM, and f]„ = 27r("+^)/Vr(^) is the volume of the unit sphere 5". 

BPS nature 

The mass-charge equahty in the last equation (|2.14|) is characteristic of a "BPS 
solution". We provide a very brief introduction below. The 11-dimensional super- 
symmetry algebra 



IS 



{Q, Q} = CiT'^PM + T'^'^Umn + r*™«V^M;vPQi?), (2.15) 

where C is the charge conjugation matrix and P, U and V are various central terms. 
When (|2.15|) is evaluated [^] for the above M2 solution, we get 



^{Qa, Qp} = {cr^)^pM + {cr^^)apQ, (2.16) 

where we have used the notation 

Po = V2M, f/i2 = V2q, (2.17) 

V2 being the spatial volume of the 2-brane (assumed compactified on a large T^). 

Now, the positivity of the operator implies that M > q where the inequality 
is saturated when the right hand side of ( |2.16| ) has a zero eigenvector. For our 
solution ( p^.8| ), we see from ( |2.4| ) that the unbroken supersymmetry transformation 
parameter satisfies 

{1-T^% = (2.18) 

This clearly leads to M = g. This is a typical example of how classical solutions 
with (partially) unbroken supersymmetries satisfy the extremality condition mass= 
charge. 

We note here that the remaining half of the supersymmetry transformations, 
the complement of the ones in ( p.l8| ) , are non-linearly realized in the M2 geometry 
and can be regarded as spontaneously broken supersymmetries. Interestingly, the 
supersymmetry variations under these transformations vanish in the near-horizon 
limit which has the geometry AdS^ x S"^. As a result the broken supersymmetry 



transformations reemerge as unbroken, leading to an enhancement of the number 
of supersymmetry charges 16 32 in the near-horizon limit, a fact that plays a 
crucial role in the AdS/CFT correspondence. 

Identification as a "Black brane" 

The M2-brane itself has a black hole geometry. If we compactify the directions 
1, 2 on a 2-torus, we have a black hole solution in the remaining nine extended di- 
mensions. The compactified solution is constructed by placing the multiple centres 

■^The total ADM mass, which diverges, includes integrals over a;^'^ as well; we ignore them 
here since we are interested in the mass per unit area. Similar remarks apply to the charge. 
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Xi in (|2.11 ) at the sites of a lattice defining the 2-torus. The horizon is situated at 



r = 0. The detailed geometry has been discussed in many places, e.g in [^. Since 
our main object of interest is the five-dimensional black hole, and we will use the 
M2-brane as essentially a building block for that solution, we defer the geometrical 
discussion till we discuss the latter. 

Without compactification too, the above solution is "black" , but it has exten- 
sions in 1,2 directions and is called a black 2-brane. 



2.1.2 Intersecting M2-branes 

We will now use the above solution as a building block to construct more compli- 
cated solutions corresponding to intersecting branes. 

M2 ± M2 

We consider first two orthogonal M2 branes, along x^'^ and x^'"^ respectively. 
The geometry of the solution corresponds to a spacetime symmetry consisting of 
rotations SO{2)i2 x S'0(2)3 4 x 5'0(6)5_6,7,8,9,io plus Killing vectors {dt, di, . . . ,8^). 
This leads to 

dsl^ = e^^^{-dt^) + e^'^^idxl + dxl) + e^'^^idxl + dx^) + e^^^dxidxi 

^(2) = e'^^dt A dx^ A dx^ + e^'^dt A dx^ A dx'^ (2.19) 

Now, as before, the desire to have a BPS solution leads to existence of unbroken 
supersymmetry, or d^^ipM = 0. This now yields four different type of equations, 
depending on whether the index M is 0, {1, 2}, {3, 4} or the rest. These express the 
six functions above in terms of two independent functions Hi,H2. These functions 
turn out to harmonic in the common transverse directions when one imposes closure 
of SUSY algebra or equation of motion. The solution ultimately is 

dsl = {H,H2f''[-^ + ^^^i±M + dxl + dxl ^ 
Hin2 111 H2 



1 1 

A^^) = —dt A dx^ A dx^ + —dt A dx^ A dx^ 
Hi H2 



(2.20) 

The above is an example of "harmonic superposition of branes". (see, e.g., []60| ). 
Delocalized nature of the solution 

We note that the ansatz above ( |2.19D , as well as the solution ( ^^.20] ), repre- 



sent a "delocalized solution". A localized M2 ± M2 intersection would destroy 
translational symmetries along the spatial world-sheet of both the 2-branes. The 



subject of localized intersection is interesting in its own right (see, e.g. [|6^ which is 
especially relevant to the D1-D5 system), although we do not have space to discuss 
them here. The delocalization here involves "smearing" the first M2 solution along 
the directions x^,x^ (by using a continuous superposition in ( p.ll|) , see e.g. p7|), 
and "smearing" the second M2 solution along x^,a;^. 
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M2 ± M2 1. M2 



Extending the above method, we get the following supergravity solution for 



three orthogonal M2-branes, extending respectively along and 



X 



5,6. 



ds\^ = {HiH2H:if/%HiH2H^)-\~de) + H{\dxl + dxl) 

+ H2^{dx\ + + H^^{dx1 + dxl) + dxidxi\ 
^(3) = H^^dt A dx^ A dx^ + i^a'^c?^ A dx^ A dx^ 

+H^^dt A c/x^ A (ia;^ (2.21) 

2.2 The 6D black string solution of IIB on 

In the following we will construct solutions of type II string theories using the 
above M-theory solutions by using various duality relations which we will describe 
as we go along. For an early account of black p-brane solutions in string theory, 
6|. 



see 



We apply the transformation T567-R10 to the M2 ± M2 solution (|2.20| ): 



M-theory ^ IIA IIB 

M2 (8,9) D2 ( 8,9) D5 ( 5,6,7,8,9) 

M2 (6,7) D2 (6,7) Dl ( 5) 

The first transformation i?io denotes the reduction from M-theory to type IIA. 
To do this, one first needs to compactify the M2 ± M2 solution along (by using 
the multi-centred harmonic functions, with centres separated by a distance 2ttRiq 
along x^°). Essentially, at transverse distances large compared to i?io, this amounts 
to replacement of the harmonic function by and a suitable modification 
of the integration constant to reflect the appropriate quantization conditions. At 
this stage, one still has 11-dimensional fields. To get to IIA fields, we use the 
reduction formula 

dsl^ = exp[-2(f)/3]dslQ + exp[4(/)/3](dx^° + CWc/x^)^ 

A = BA dx^^ + C(^) (2.22) 

It is instructive to verify at this stage that the classical D2 solutions do come out 
of the M2-brane after these transformations. We use the notation C*^"-* for the 
n-Form Ramond-Ramond (RR) potentials in type II theories. 

The second transformation T^qj involves a sequence of T-dualities (for a recent 
account of T-duality transformations involving RR fields, see ||H^). We denote by 
Tm T-duality along the direction x"^. T^qi denotes T^TqTj. 

The final transformation, not explicitly written in the above table, is to wrap 
^6,7,8,9 _ ^-jj clgnote the volume of the T*^ by 

Vt^ = a'2(27r)^{) (2.23) 
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Assuming the number of the two orthogonal sets of M2-branes to be Qs, Qi respec- 
tively, the final result is: Q5 strings from wrapping D5 on and Qi D-strings. 
This is the D1-D5 system in IIB supergravity^, characterized by the following so- 
lution: 

dslo = fi^'^ f^^'\-dt' + dxl) + fl'^fl'^dxdx' + fl'^f^^'^dxadx"" 

= -^(/r^ - 1) 



e 



-2(j) 



/5/1 ^ 



/i,5 = (l + ryO (2.24) 

Here C^"^^ is the 2-form RR gauge potential of type IIB string theory. The param- 
eters ri,r5 are defined in terms of Qi,Q5, see Eqns. ( |2.28| ). 

Spacetime Symmetry 

The spacetime symmetry S of the above solution is: 

5 = 50(1,1) X 50(4)s X '50(4)/' (2.25) 

where 5*0(1, 1) refers to directions 0, 5, S'0(4)£; to directions 1, 2, 3, 4 {E for exter- 
nal) '5*0(4)/' to directions 6,7,8,9 (/ stands for internal; the quotes signify that 
the symmetry is broken by wrapping the directions on a four-torus although for low 
energies compared to the inverse radii it remains a symmetry of the supergravity 
solution) . 

Supersymmetry 

The unbroken supersymmetry can be read off either by recalling those of the M- 
theory solution and following the dualities or by solving the Killing spinor equations 
(analogous to ( p.3|) ). The result is: 

r°^eL = en (2.26) 

The first line corresponds to the unbroken supersymmetry appropriate for the D5- 
brane (extending in 5,6,7,8,9 directions). The second line refers to the Dl-brane. 
(The superscripts in F"* ' denote local Lorenz indices like in (|2.3| ), although we have 
dropped the carets.) 

To solve Eqn. ( |2.26|) , we recast (|2.26|) as 



J- — cl, — -L 



^Strictly speaking, we should wrap the D1-D5 string on a large circle to avoid the Gregory- 
Laflanime instability |7C|. 
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Since has 16 independent real components to begin with, the first equation cuts 
it down by a half, thus leaving 8 real components. These, by virtue of the second 
equation, completely determine e/j, thus leaving no further degrees of freedom. 

Thus, there are eight unbroken real supersymmetries. Recall that type II string 
theory has 32 supersymmetries (i.e., ei^^R each has 16 independent real compo- 
nents). In the near-horizon limit, eight of the broken supersymmetries reemerge as 
unbroken. 



2.3 The extremal 5D black hole solution 

Let us now compactify along a circle of radius -R5 and wrap the above solution 
along to get a spherically symmetric object in five dimensions. Let us also "add" 
gravitational waves (denoted W) moving to the "left" along x^ . This gives us the 



BPS version []71| , Q of the five- dimensional black hole. Adding such a wave can 



be achieved either (a) by applying the Garfinkle-Vachaspati transformation 



to the black string solution ( p. 24 ) and wrapping it on S*^, or (b) augmenting the 



M2 ± M2 solution ( p.20| ) by a third, transverse, set of M2-branes along x^'^^ (cf. 
( p.21| )), and passing it through the same sequence of transformations T567-R10 as 
before (see the Table in Section ^72]) , with the result that the third set of M2 branes 
becomes a gravitational wave (= momentum mode) along the x^-circle: 

M-theory ^ IIA IIB 



M2 (8,9) D2 ( 8,9) D5 ( 5,6,7,8,9) 

M2 (6,7) D2 (6,7) Dl ( 5) 

M2 ( 5,10) NSl ( 5 ) W ( 5) 

The last transformation essentially reflects the fact that T-duality changes winding 
modes to momentum modes. {W denotes a gravitational wave and not a winding 
mode.) 

The final configuration corresponds to D5 branes along x^'^''''®'^ and Dl branes 
along x^, with a non-zero amount of (left-moving) momentum. If the number of 
the three sets of M2 branes are Qi, and respectively, then these will corre- 
spond to the numbers of D1-, D5-branes and the quantized left-moving momentum 
respectively. 

The solution for the extremal five- dimensional D1-D5 black hole is thus given 

by 

~\~f\ f^^ dxidx ~\~ f\ ^ dxadx 

-i(/r' - 1) 



ds^ 



(2) 
05 



7(3) 
ijk 
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/i,5,n = (1 + C-^Y) (2.27) 



The parameters ri,r5,r„ are defined in terms of Qi,Q5,N respectively, see Eqn. 



Symmetries 

Curling up and adding momentum along it reduces the spacetime symmetry 
and supersymmetry of the solution (|2.27|) , compared to ( |2.25| ),( p^26D . Thus the 
spacetime symmetry is S0{4)e x 'S0(4)7-' while the number of supersymmetries is 
reduced to four due to an additional condition on the Killing spinor: T^^eL,R = ^l,r- 

Charoe quantization 

The parameters 5 „ in ( p.27|) are related to the integer-quantized charges Qi^s 
and momentum by 

2 „ 4:G%R5 Qsa' 



Ti = CiQi, Ci 

ira gs v 
rl = C5Q5, C5 = gsa' 



where 



G% = ^ = (2.29) 



5 



In the above we have used (|1.1|) , (|2.23| ). For a detailed discussion of quantization 
conditions like ( |2.28|) , see, e.g. |^ |4^, Here Gfj denotes the (i-dimensional 
Newton's constant. Vt* is the volume of the four-torus in the directions x^'^'®'^, 
while i?5 is the radius of the circle along x^. 

Explicit five-dimensional form 

The background ( 2.27|) is written in a ten-dimensional form. It is easy to derive 
the five-dimensional metric and other fields. For the five- dimensional Einstein 
metric we use the reduction formula 

dsl^ = e^'^dxadx" + e^'f'{dx5 + A^dx^'f + e-^^^+^^+'^^/^^rfs^ (2.30) 

(the first two exponential factors are simply the definitions of the scalars Xi'4''i 
the factor in front of dsl can be found easily by demanding that ds\ is the five- 
dimensional Einstein metric). Here /i = 1,2,3,4. 

Using ( p^.30D , the five-dimensional Einstein metric is given by 

dsl = -f-^/\r)dt' + f^'\r){dr^ + r^d^l) 
f{r) = fi{r)Mr)Ur) (2.31) 
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where /i,5,n('") are defined in (|2.27| ). 
Area and Entropy 

The above metric has a horizon at r = 0, which has a finite radius Rh and a 
finite area Ah, given by 

Ah = 2n^Rl Rh = (r.r.r^f^ (2.32) 
The Bekenstein-Hawking entropy (|1.10|) , is given by 



S = = 2n^Q^Q,N (2.33) 



where in the second step we have used 



V^I^ = (2.34) 



TT 



which follows easily from ( p^.28| ). The fact that all "moduli" like the coupling and 
radii disappear from (p.33|) , and that the entropy is ultimately given only in terms 
of quantized charges, is remarkable. 



We defer a discussion of the geometry of this solution till the next section 
where we describe the non-extremal version. 

2.4 Non-extremal five- dimensional black hole 

We have explained above how to construct from first principles the BPS (hence 
extremal) version of the 5D black hole solution. We will now present an algorithm 
(without proof and specialized to intersections of M2) of how to generalize these 



constructions to their non-extremal (nonsupersymmetric) versions . A heuristic 
motivation for this algorithm is presented in appendix B. 

Rule 1 : In the transverse part of the metric (including time) make the following 
substitution: 

dt'^ -> h{r)dt'^, dx'dx, h-\r)dr^ + r^dnl_-^ 
h{r) = 1-fi/r'^-^ 

with the harmonic function now defined as 

(r) = 1 + g//-2 (2.35) 

where Q is a combination of the non-extremality parameter /i and some "boost" 
angle S: 

Q = /isinh2(5 (2.36) 
(for multicentred solutions, Qi = /isinh^5j.) 
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Rule 2 : 

In the expression for F4 = dA, make the substitution 



H ^ H{r) = 1 + ^ = f 1 - -%H-' 

Q = /i sinh (5 cosh (5 (2.37) 



Applying this rule to the M2 ± M2 ± M2 case (|]21|), we get 

dsi^ = {HiH2H3)-'/^[-HiH2H3hdt^ + Hi{dyl + dyl) 

+ i/2(c?2/3 + dyl) + i/3((i|/5 + dyl) + /i-'rfr^ 

+ r^dl^^J (2.38) 

The rest of the story is similar to the BPS case described in the previous subsection. 
Namely, we apply the duality transformation Tsgyi^io as in the Table in Section 
|2.3| : by first reducing the M-theory solution ( p.38| ) to IIA and then T-dualizing to 
IIB, and finally wrapping it on x S*^. 

Under the reduction from M-theory to type IIA in ten dimensions, we get 



dsl, = f['/'f,-'/'[-dt' + dxl 



[1 — h) {cosh andt + sinha^rfx 



5j 



h = l- rl/r^ (2.39) 



where a = 6, .., 9, (r, ^3) are polar coordinates for x^'^'^'^. fi, /s (also in ( ^^.40] )) 
are defined as in (|2.27| ), except that the parameters ri,rr, (also r„) are no more 
defined by ( p.28|) , but by their non-extremal counterparts ( p.40|) , (|2.41|) . The pa- 



rameter Tq is the same as the non-extremality parameter n of (|2.35| ), while Q;i,5,n 
are related to the boost angle of ( p.36|) . 

This is still a IIA solution. In order to get the IIB version, we have to apply 
the sequence T567. We omit the details here which are fairly straightforward. At 
the end, after we further use the Kaluza-Klein reduction ( |2.30| ) we get the following 
five-dimensional Einstein metric [fTS]] : 

,dr'^ 



dsl = -hf-^/^df + /'/'(^ + r'dQl) 
f = hhfn = (1 + rl/T'){l + tI/t'){1 + tI/t') 



r 



2 _ ^2 „;„T,2 
l,5,n 



sinh' ai,5,„ (2.40) 



There are six independent parameters of the metric: ai,5,n, i^o,R5,v = Vt^ / {2tiIs)^ 
{Is = y/a')- The boost angles and the non-extremality parameters are related to 
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the three charges and the mass M as follows: (F^^^ = dC^'^^) 



An^g J 2ci 
1 f^(3)_-o^sinh2a5 



47r^5(s J 2c5 



^ _ rg sinh 2a„ 
~ 2r 

M = ^^^l^ (cosh 2ai + cosh 2^5 + cosh 2a„) (2.41) 
2(a') 

There is another very interesting representation of the above-mentioned six param- 
eters in terms of what looks like brane-, antibrane-numbers and left-, right-moving 
momenta: 

„2p±2ai „2„±2q:5 „2„±2a„ 

AT, J = , N,-, = , Nlr = (2.42) 

^'^ 4ci ' ^'^ 4c5 ' 4c„ ^ ^ 

The coefficients ci, C5, c„ are as in ( |2.28| ). Clearly 

iVi - iVi = Qi, iVs - iVs = Qs, Nl-Nr = N. (2.43) 
The extremal limit corresponds to taking tq 0, ai,5,n ^ 00 keeping the charges 



Qi5, N finite. We comment on the brane- antibrane interpretation in Section 2.4.2 



2.4.1 Geometry 

It is easy to see that the above solution is a five- dimensional black hole, with 
horizon at r = tq. The horizon has a finite area Ah, given by 

Ah = 27r^rQ cosh ai cosh cosh a„ 

= 87rG^(ViVi + y/Ni)iVN, + ^/N-^){^l + ^ r) (2.44) 

Here we have used (ICTj ) and (|^). 

The fact that the horizon has a finite area indicates that the singularity lies 
"inside" r = Tq. It is not at r = 0, however, which corresponds to the inner horizon 
(where light-cones "fiip" the second time as one travels in). To locate the singu- 
larity one needs to use other coordinate patches which extend the manifold further 
"inside". The singularity is time-like and the Carter- Penrose diagram (Fig is 
similar to that of the non-extremal Reissner- Nordstrom metric (see ( |1.3| ),( [r^ )). 
The inner and outer horizons (cf. (|1.4| )) in the present case are r_ = 0,r+ = tq. 

2.4.2 Hawking temperature and Bekenstein-Hawking entropy 

By using the formula ( |A.9D we get the following Hawking temperature [h = 1) (see 
Appendix for details) 

— = 27rro cosh(ai) cosh(a5) cosh(a;„) (2-45) 
Th 



29 



Figure 1: Carter-Penrose diagram for the non-extremal 5D black hole 



We will compare this with the CFT result for the temperature ([4 .311 ) in Section ^ 
(see also Section 8). 

By using the formula S = Ah/ 40% (cf. (|LTO|)) and ( p^ , we get 

Sbu = 27r(ViVi + v^i)(ViV5 + VN-5){VNl + VNr) (2.46) 



Of course, the extremal entropy ( |2.33D corresponds to the special case Nr = Ni = 
= (use (|2.43| )). A somewhat more general case is when Ni = -v/iVg = 0, Nr ^ 
0; the entropy in that case is given by 



S'bh = ^TiJQiQ 



(2.47) 



The entropy formulae (|2.33|) and ( 2.46| ) are U-duality invariant, in the following 
sense. Consider an 5(3) subgroup of the U-duality group of type IIB on T^, which 
permutes the three charges Qi.Q^ and A^. Such an 5(3) is generated by 

(a) T6789 which sends Qi Qs, Qb ^ Qi,N ^ N, and 

(b) TgsTeSTgs which sends Qi ^ Q5,Q5 N, N ^ Qi. 

The entropy formula ( |2.33| ) remains invariant under these permutations. Since the 
"anti"-objects are also permuted among each other by these U-duality transforma- 
tions, we can say that the entropy formula ( p.46|) is also U-duality invariant. 



2.4.3 Comments on brane-antibrane and other non-BPS solutions 

It should be noted that the "brane-antibrane" representation of the above non- 
extremal black hole is only suggestive at the moment. The subject of supergravity 
representation of brane-antibrane and other non-BPS systems is very much open; 



for a partial list of papers see |76, 77, 78, 79, BG, Bl, 82, 83, 84, |5l 36 . 



2.5 Supergravity Solution with Non-zero vev of B 



NS 



Our discussion so far has been devoted to supergravity solutions in which the values 
of all the moduli fields were set to zero. Such solutions have the characteristic that 
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the mass of the D1-D5 system is a sum of the charges that characterize the system. 
Such bound states are marginal, without any binding energy, and can fragment 
into clusters of D1-D5 branes. The corresponding CFT has singularities. In order 
to obtain a stable bound state and a non-singular CFT we have to turn on certain 
moduli fields. We will consider the case when B^s is non-zero. 

The construction of the supergravity solution that corresponds to a ^ BPS 
configuration, with a non-zero -Bats was presented in [ ^7] , 5^. Bj\fs has non-zero 



components only along the directions 6, 7, 8, 9 of the internal torus. From the view 
point of open string theory this is then a non-commutative torus. 

Here we will summarize the result. The solution contains, besides Dl and D5 
brane charges, D3 brane charges that are induced by the B^s- For simplicity we 
consider only non-zero values for and Bqs. The asymptotic values are given 
by Bj^^ = 679 and Bq^^ = fogg. It is important that at least 2 components of the 
Bjys are non-zero, in order to be able to discuss the self-dual and anti-self-dual 
components. 

Below we present the full solution which can be derived by a solution generating 
technique. Details can be found in |^ . 



Hhhf" [z-\{dx'f + {dxy) + z^\{dx'f + {dx^)} , 

B^^\ = (Z^ ^ sin ip cos ip{fi - /s) + bQs)dx^ A dx^ 

+ (Z^SinV'cos?/;(/i - /g) + b7g)dx'^ A dx^, 
F'-^^ = cos (p cos ipK^^^ + sin (p sin i/jK^^^ , 

= Z-\-f 5 cos if sin ipK^^^ + fi cos ^ sin cpK^^^) A dx^ A dx^ 

+Z^^(-/5CosV'sinv9K^^^ + /iCosv^sinV'K^^)) Adx'^ Adx^, 

/i^ = /ii sin (p + fi^cos (f, /i^ = /ii sin ijj + fi^cos ip. (2.48) 

Here fogs and 679 are arbitrary constants which we have added at the end by a 
T-duality transformation that shifts the NS B-field by a constant. Note that for 
ip = ip = and Bqs = ^79 = 0, the above solution reduces to the known solution for 
D1-D5 system without B-field. 

The above solution depends upon 4 parameters /xi, /is, and the angles and ip, 
and in general represents a system of Dl, D5 and D3 branes. Since we are seeking 
a solution that has no source D3 branes we require that the D3 brane charges are 
only induced by the presence of the non-zero B^s- This leads to certain conditions 
on the solutions which we do not derive here, but whose physical implication we 
analyze. We discuss both the asymptotically fiat and near horizon geometry. 
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2.5.1 Asymptotically Flat Geometry 

In this case the induced D3 brane charges along the (5, 7, 9) and (5, 6, 8) directions 
are 

Q3 = 4r^Q5, Qs = B^fQ,, (2.49) 

where -879°^ = 679, Bq^^ = fogs- There is an induced contribution to the Dl brane 
charge. The charge Qis of the source Dl branes is 

Qis = Qi- bes &79 Qs- (2.50) 

while the D5 brane charge remains unaffected by the moduli. 
Mass 

Let us now study the mass formula as a function of the charges and the moduli. 
The mass corresponding to the | BPS solution which coincides with the ADM 
mass, is given in terms of the appropriate charges by 

= (Qi + + (Qg - (2.51) 

This can in turn be expressed in terms of Qis, Q5 and fees, ^79 

= (Qu + &68&79Q5 + Q5)' + ^5(^68 - &79)' (2.52) 

We must consider the mass as a function of the moduli, holding Qi^ and fixed. 
We see that for non-zero moduli we have a true bound state that turns marginal 
when the moduli are set to zero. To locate the values of the moduli which minimize 
the mass, we extremize the mass with respect to the moduli. The extremal values 
of the moduli are 



&68 = -&79 = ±^/Qls/Q5 - 1, (2.53) 

This says that the Bj^s moduli are self-dual, in the asymptotically fiat metric. The 
mass at the critical point of the true bound state is then given by 

= IQi.Qs (2.54) 

2.5.2 Near Horizon Geometry 

In this case, absence of D3-brane sources is ensured if we set 

Qt^ = B^,^^Q,, Qf=Bg^Q,, (2.55) 



where 



-D68 — smyjcosv? + 068, (2.56) 



- 



j^{h) _ fM_ ^ sin ^ COS'?/' -|- 679, (2.57) 
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are the horizon values of the two nonzero components of the B-field. Moreover, we 
see can that in this case 

^ = (2.58) 

which is the self-duality condition on the B-field in the near horizon geometry. We 
also note that the volume of at the horizon is given by 

Vff = 1^ = 9^, (2.59) 

The Dl-brane charge that arises from source Dl-branes in this case is given by 

q!? = q!'^ - i?S^i?S^Q5. (2.60) 

One can show that 

Qff = Qi. (2.61) 

where Qis is given by (|2.6CI|) . Thus we see that not only do the parameters fogs and 
679 have the same values here as in the asymptotically flat case, even the source 
Dl-branes are identical, despite the total Dl-brane charges being very different in 
the two cases. 



Mass 



IS 



The I BPS mass formula in terms of the various charge densities in this case 



Using ( |2.55|) -( ^l6lD it can be easily seen that 

V^4^ (4Qi,g5) . (2.63) 



Apart from the extra factor of the volume in the near horizon geometry, this is 
exactly the same as ( p.54| ). The extra volume factor correctly takes into account the 
difference in the 6-dimensional Newton's constant between the asymptotically fiat 
and near horizon geometries because of the difference in the volume in the two 
cases. We have already seen that the B-field is automatically self-dual in the near 
horizon geometry and that the volume of satisfies the condition given by ( 2.59 ) 



and (p. 601) . We now see that the mass of the bound state is already at the fixed 
point value. Thus the solution we have here provides an explicit demonstration of 



the attractor mechanism |89] 



The significance of this solution is that it is the description of a stable bound 
state in the near horizon geometry. As we shall discuss later this situation corre- 
sponds to a non-singular dual CFT. 
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2.6 Near-horizon limit and AdS3 x 5*^ 

In this section we wiU exhibit the form of the classical solution in the near horizon 
limit of Maldacena[|^. This subsection, together with Appendix C, will be used 
as background for discussions of AdS/CFT correspondence in Sections 6 and 11. 

The basic idea of the near horizon limit is that, near the horizon of a black 
hole or a black brane, the energies of particles as seen by the asymptotic observer 
get red-shifted: 

Eoo = y/g^E (2.64) 
For the metric ( 2.24| ) the red-shift factor is 

v^=(/i/5)-'/' (2.65) 



Clearly as r — > oo the red shift factor is unity. However near the horizon we get 
the equation 

^oo = (2.66) 
where R, Eqn. ( p. 73 ), is the length scale that characterizes the geometry. In the 



near-horizon region, defined by 

r < i? (2.67) 

we see that the energy observed by the asymptotic observer goes to zero for finite 
values of E. This means that near the horizon (defined by ( |2.67| )) an excitation 



of arbitrary energy looks massless. For massless modes this means that they have 
almost infinitely long wavelengths and for massive modes they appear as long 
wavelength massless excitations. If one examines the potential energy of a particle 
in the above geometry then in the near horizon limit the potential barrier becomes 
very high so that the modes near the horizon cannot get out. In the exact limit of 
Qi and going to infinity the horizon degrees of freedom become exactly massless 
and decouple from the bulk degrees of freedom. As we shall see later it is in this 
limit that the bulk string theory is dual to a SCFT which also exhibits massless 
behavior in the infrared. 

2.6.1 The three-dimensional anti de Sitter space or AdSs 

We now apply these ideas to the metric of the D1-D5 black string with the KK 
charge = 0, namely ( ^.24] ). 

In the region (|2.67| ) the metric and other backgrounds are still given by (|2.24|) , 
except that the harmonmic functions change to 

Here = x\+x\+x\+x\ denotes the distance measured in the transverse direction 
to all the D-branes. The above metric differs from ( p.24| ) only in that the harmonic 



/i = ' /s = — (2-68) 



functions do not have the "1" term any more (see remarks after (|2.11 )). 
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A more precise scaling limit of the geometry is given by [^] 

a' 0, — = U = fixed (2.69) 
a' 

" ~ fixed, = = fixed 



167r4-'2 



In this limit the metric in ( p.24| ) becomes 

ds^ = a'{dsl + ds^[S^] + ds^[T^]) (2.70) 

where 

dsl=[^{-dxl + dxl)+f^], (2.71) 

represents three-dimensional anti-de Sitter space AdSs (see Appendix C, Eq. (|C.10|) ) 
and 

ds^[s^] = fdnl, 

ds'[T'] = ^^{dxl + ...dxl), (2.72) 

represent a three-sphere and a four-torus. Thus the near horizon geometry is that 
of ^^5*3 X 5*^ X T^. Our notation for coordinates here is as follows: AdS^ : (xq, x^, r), 
: (^3 = (x, 6',0)), T'^ : (xe, xy, Xs, xg). r,x,0,4> ^-^e spherical polar coordinates 
for the directions Xi, X2, X3, X4. The length scale I is the dimensionless radius of 
and the anti-de Sitter space: 

1 = 4^, R=^{9lQiQ,f". (2.73) 



Note that the effective string coupling in the near horizon limit is given by 



9eff = 9&\lQi/Qr, 

The formulas for the blackhole entropy and temperature, which depend only on 
the near horizon properties of the geometry, do not change in the near horizon 
limit. 

In Section ^ we will discuss in detail the symmetries of the near-horizon geom- 
etry ( p.70|) . The spacetime symmetries as well as supersymmetries get enhanced 
compared to (g]2|), (g]2|). 

2.6.2 The BTZ black hole 

The above discussion was about the near-horizon limit of the six dimensional black 
string. We now turn to the near-horizon limit of the five- dimensional black hole 
( |2.40|) . The near horizon scaling limit is given by 0, [9^] 

a' ^ 0, r ^ 0, ro (2.74) 
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with 



U 



a' 



fixed Uo = — = fixed 
a' 



(2.75) 



V = 



4^,/2 



fixed ge 



fixed = fixed 



In this hmit the metric of the D1-D5 black hole (cf. Eqn. ( |2.39|) ) reduces to the 
following 

(2.76) 



ds^ = a' {dsl + ds^[S^] + ds^[T' 
where the metric on the 3-sphere and 4-torus are still given by ( p.72| ), whereas 



dsl 



dxl + dxl) + — -^-(coshcrrft + si-nh adxlY + — jTodU"^ (2-77) 



/2 



f/2 - f/2 



represents now the BTZ geometry, as we will show below. Thus the near-horizon 
geometry is BTZxT^ x S^. Our co-ordinate definitions here are as follows: t,(f),r 
refer to BTZ co-ordinates, ^3 stands for the and XQ,Xj,Xs,Xg stand for the 
co-ordinates of T^. To identify ds^ with the BTZ metric (i.e., the black hole in 
three-dimensional anti de-Sitter space discovered by [^]), we make the coordinate 
redefinitions given below 0, ^ 



f2 



(f/^ + f/o^sinhV)^ 
R5U0 cosher 



(2.78) 



x^ 



I 

R5U0 sinh a 
I 



The metric ( |2.77| ) in these new coordinates is given by 



dsl 



'-dt^ + — 



,y^2 ^ ^2 ^ 



dr + a f 



+ 



r_(_r_ 



■dt 



(2.79) 



In this form, the metric coincides with that of a BTZ black hole (cf. Eqs. ( C.11| ),( |C.13| )), 
with mass M and angular momentum J given by (cf. (|C.12|) ) 



M 



J 



'(y2r+r_ 
I 



(2.80) 



The mass M and the angular momentum J for the BTZ black hole are related to 
the parameters of the D1-D5 black hole by 



M _ . . _Nl + Nr J 



R 



^0 — -^0 



Q1Q5 



f2.811 
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where Nl, Nr are defined in (|2.42|) and Lq, Lq are the levels of the SOFT. The 
extremal limit is given by r+ = r_. From ( p.80| ) and (|2.81| ) we see that in the 
extremal limit A^^^; = as expected for the D1-D5 black hole. 

It is important to mention the global properties of the metric ( |2.79|) , especially 
in relation to those of the AdSs metric in ( p.70| ) above. Let us consider the simplest 
BTZ solution first, namely with r+ = r_ = 0. Substituting these values in ( |2.79| ) 
we find the metric is given by 



^2 



(2.82) 



a' P 

By comparison with (|2.70|) one can see that this metric is locally AdS^ except 
for the global identification = + 27r. This of course refiects the fact that the 
r+ = r_ = BTZ solution corresponds to the near-horizon limit of the D1-D5 
string (with Nl = = 0) wrapped on a circle along = + 2itR^. 
This periodic identification has two important implications: 
(a) Firstly, that the zero-mass BTZ black hole is a quotient of the AdSs space 



by a discrete isometry. Indeed, as has been shown in ||90| the global property of the 
more general near-horizon solution ( |2.79| ) also corresponds to an appropriate quo- 
tient of AdSs by a discrete isometry, consistent with the expected global properties 
of BTZ black holes [||]. 

(b) Secondly, the difference between the geometry of the zero mass BTZ black 
hole and that of the AdSa (although identical locally) leads to an important differ- 
ence in the boundary conditions for the fermions. For the case of AdSs the fermions 
are anti-periodic in and for the zero mass BTZ black hole they are periodic in 
0. One can easily see that the constant time slice of the metric in ( p.71| ) has the 
topology of a disk. This forces the fermions to be anti-periodic in for AdSa. For 
the case of the zero mass BTZ black hole in ( p.82| ), the constant time slice has a 
singularity at f = 0. Therefore the fermions can be both periodic or anti-periodic. 
An analysis of the Killing spinors in the background of the zero mass BTZ black 



hole shows that the fermions in fact have to be periodic |93 



2.6.3 The two-dimensional black hole 

In this subsubsection we will discuss the near-horizon geometry of a related (pure 

)5i m. 



5-brane) system and its connection to the two dimensional black hole |^ 



Consider the supergravity solution of the non-extremal black hole in type IIB 
string theory ( p.40|) with Qi = and a = 0. The D1-D5 supergravity solution 
then reduces to the non-extremal D5-brane. We will now show that there is a near 
horizon region where the geometry can be approximated to that of two dimensional 
black hole [TOl UB, RH]. The ten dimensional geometry with Qi = is given by 




(2.83) 
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= (i + ^) ' (-(1 - ^)*' + <t4 + • ■ 



To obtain the near horizon geometry We use the IMSY hmit fO^] for the case of 
D5 branes. This is given by 

U = — = fixed, Uo = ^ = fixed, (2.84) 

a " 

9ym — (27r)^5'sQ;' = fixed with a' ^ 

Here gyu is the Yang-Mills coupling on the D5-brane. This geometry is nonconfor- 
mal and the dilaton depends on the scale U. For \^Ql ^ gyuU, the string coupling 
and the curvature in string units is large, and therefore the valid discription of the 
background is obtained by performing an S-duality. The solution reduces to the 
near horizon geometry of non-extremal NS 5-branes. The metric and the dilaton 
after S-duality is given by 

ds' = - (1 - dt' + {dxl + ■ ■■ dxl) + 9sa'Q. [fp^^^ + ^^l) 

Here we have scaled the metric by Qs so that the 10 dimenional Newton's constant 
is invariant. To see this is the metric of the (2d black hole) x 5*^ x we change 
coordinates by substituting U = t/ocosh7. Then we get 



(27r)3g5 1 
g\uUo cosh' 7 
ds^ = - tanh' -fdt"^ + g.sa'Q^idl'^ + d^l) + {dxf H dxj) 



Now it is easily seen that the geometry reduces to that of (2d black hole)xS'^ x R^. 
This near horizon limit of extremal NS 5-branes was obtained in 1981. 
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3. Semi-classical derivation of Hawking radiation 



We described in some detail the construction of the D1-D5 black hole, ( |2.27| ),( |2l40| ) 



in the last section. We will now address the issue of absorption and Hawking radia- 
tion by this black hole. Both absorption and Hawking radiation involve interesting 
questions, as we remarked in the introduction. For instance, classically the black 
hole only absorbs and does not emit. One of our goals will be to ultimately in- 
terpret this in the microscopic model, explaining thereby a crucial aspect of the 
event horizon. Secondly, the semiclassical treatment of Hawking radiation leads to 
the information puzzle, and we would like to see how standard scattering processes 
described in terms of the microscopic model gives rise to such a radiation within a 
unitary quantum theory. 

Before we proceed to the microscopic description, however, we will devote 
the present section to briefly review the (semi) classical calculations of absorp- 
tion/emission of particles (in the type IIB spectrum) by the D1-D5 black hole 

(MM- 

The absorption cross-section and emission rate of a particular field depend on 
how the field propagates and backscatters from the geometry of the black hole. We 
will look at the equation of propagation of scalar fluctuations. 

We begin by writing down the IIB Lagrangian [^, |100| , |101|| compactified on 



(of which the D1-D5 black hole QCTI ), (|2^) is a solution): 



— ^ab^^u-^ ^ —v<^<^ n^^a^i^ — — vun^^)^ 



(3.1) 



Notation: a,b,... = 5, . . . , 9 denote the directions along T^, while /i, z/, . . . = 
0, . . . , 4 denote the non-compact directions. We have included in the above La- 
grangian only the following ten-dimensional fields: 

• the ten dimensional dilaton (p, 

• the ten-dimensional string-frame metric ds"^ ^ written as 

ds^ = Qf^udx^dx" + Gab {dy" + A^dx^") (dy^ + A^c/x^) (3.2) 
which identifies as the KK vector fields, 

• and the RR 2- form field C^^-* written as 

C(2) = C^^dx^" A dx" + Cabdx" A dx^ 



^related to the Einstein frame metric ds\ as ds^ = exp[0/2](is|; 
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The various fields appearing in (|3.1|) are defined in terms of the above fields, as 
follows 

• the five-dimensional dilaton 05 = 0io — (1/4) ln[detaf,Gafe], 

• the KK field strengths F"" = dA", 

• and the if-fields given by [p9| 



Hf,u\ = df,B^x - ^A^^^Faux - ^Kf,F^x + cyc.perm. 

where 

Aa/i = C^a + CabA^^, = dka, B^j^ = C^^ + Aj^A^ja — A°^CabA^y 

The five- dimensional Newton's constant 167r(G'^)^ = 2n\ is defined as in ( |2.29| ). 

We will now simplify the Lagrangian even further, by assuming that (a) of 
the KK-gauge fields only is non-zero and is of the "electric" type (b) Cab = 0. 
This is a consistent truncation, and D1-D5 black hole ( |2.4CI| ) is a solution of the 
truncated system. 

We will consider below two separate sets of scalar fluctuations: 

1. This set of fluctuations hab, a ^ a, 6 = 6, 7, 8, 9 are defined by 

Gab = fl'^f^^'^ {^ab + hab) , a, 6 = 6, 7, 8, 9 (3.3) 
Recall that {Gab) = fl^'^f^^^'^^ab represents the background value (cf. ( p.39| )). 

2. This set of fluctuations are defined by 

• e^^ = Gqq (assumed equal to G^j = Ggs = Ggg), 

• = 05 + |i^5, where e^"'' = G55, 

• A = |z/5 - |05. 

For the fluctuations in Case 1, the action (|3.1| ) reduces to the following action 
S = - A / d'x^d^habd^hab (3.4) 
whereas for the three fluctuations in Case 2, the action (|3.1|) reduces to 
S =±. j d'>x^g[R-{d,ct^f 
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The background values of the 5-D Einstein metric gf^^, and the other fields are to 
be read off from the D1-D5 black hole solution (|]40|), (^lill) . 

Note that hat, a ^ b and (p couple only to the g^^i, (see Eqn. ( p.4q )); because 
of this property they are called "minimal scalars" . On the other hand, u, A couple 
to the dilaton and the RR fields as well; these are called "fixed scalars" because 
their value at the horizon cannot be arbitrarily chosen but are fixed by the charges 
Qi,Q5,N. 

In the following we will first calculate the absorption crosssection for minimal 
scalars, and later briefiy mention the case of fixed scalars. 

3.1 Minimal scalar 



For the semiclassical absorption/emission |3^, |3^, all we need is the equation 
for propagation of the fiuctuation hat (or 0) on the black hole metric g^^^. We will 
denote the minimal scalar fiuctuation generically by the symbol since it couples 



only to the five- dimensional Einstein metric (|3.4|) , the equation of motion is 

D^d^V = 



For the five- dimensional black hole metric ( ^.401 ) the above equation becomes for 
the s-wave mode: 

where ip = Rw{r) exp[—iwt]. 

The idea behind the absorption calculation is very simple. In terms of ip = 
r^^'^R the above equation becomes 

[-^ + ^-W]^ = (3-7) 



where 

The shape of the potential is given by (Fig H). Absorption is caused by the tun- 
nelling of an incoming wave into the "pit of the potential" . 

Near and Far solutions: 

It is not possible to solve the wave equation exactly. However, we can devise 
near and far zones where the potential simplifies enough to admit known solutions. 
If the zones have an overlap region then matching the near and far wave-functions 
and their radial derivatives will provide the solution for our purpose. In the fol- 
lowing we will closely follow |^ . We will work in the following range of frequency 
and parameters 

ro.rn ■Cri,r5 
wr^ < 1 (3.9) 
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Figure 2: Potential for minimal scalar 



The far and near solutions will be matched at an intermediate point such 

that 

ro,r„ -C < ri,r5, wri<^r^/ri (3.10) 
The existence of such an intermediate point is guaranteed by ( |3.9|) . 
Far zone (r > Vm ): 

Here the potential becomes (in terms of p = wr) 

vM = -nj\i-^) (3.11) 

This gives a Bessel equation, so that 

= aF{p) + (3G{p) 



F(p) = V^Ji(p), G{p) = ^^2N,{p) (3.12) 

Using R = r~^^'^tp and the asymptotic forms of the above Bessel functions, we find 
the following asymptotic form for R: 



R 



1 



.3/2 



■(ae-*=^"/^ - /3e-''^/^) + (ae'^'^/^ - /5e''^/^)] (3.13) 



Near zone (r < Trr,): 
Here we have 



ihhr^^R) + {^^I^+'-^]R^(r)^, (3,14) 

r-^ dr dr r° 
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which is a Hypergeometric equation, with solution |40 



R = AF + BG 

F = z-'^''+^^/^F{-ia, -ib, 1-ia- ib, z) 
G = z'^^+''^/^F{-ia, -ib, \-ia- ib, z) 

z={\- rl/r^), a = wHA-kTr), b = w/{4nTL) (3.15) 
where we have introduced two parameters Tl,Tji, given by 

Tlr = ^^e^"" = , , , \ , , (3.16) 

27rrir5 27rro sinh(Q;i) sinh(a5) exp[=l=a„J 

These, as will see in Section ^ play the role of 'left-' and 'right '-moving temper- 
atures (cf. Eqn. ( [4.29|) ). In the second step we have used the definition of the 



gravitational lengths ri,r5 in (|2.40|) . 



We now impose on the "near solution" ( |3.15| ) the condition that the wave at 



the horizon should not have any outcoming component: it should be purely ingoing 
(no "white hole"). This gives B = 0. 

MatchiriQ 

We now match R and dR/dr between the near and far regions at some point 
Tm in the overlap region. This gives 

^2w'/^a/2 = A j^^-i^-'^\ p/a«l (3.17) 
* f (1 ^ "^f^jf (1 ~ ^o-j 

Fluxes 

The equation ( p.6|) for R implies = 0, where 

J^{r) = J, [R*hr^ dR/dr - c.c] (3. 18) 

In order to find out what fraction of the flux gets absorbed at the horizon, we 
compute the ratio 

i?i = ^(ro)/^*"(oo) = rl^^y Tx/2 (3.19) 

where the superscript "in" indicates the flux calculated from the "ingoing" part of 
the wave at infinity. 

3.1.1 Absorption Cross-section: 

In order to define absorption cross-section in the standard way, one has to consider 
plane waves and not s-waves. It is easy to derive that 

^-iwz ^ (^4Tr/uj^)e~''^''Zooo + other partial waves (3.20) 
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where we use the notation Z/mim2 ^or the Ss analogs of the spherical harmonics 
Yim- From this and the standard definition of absorption cross-section we get 



which evaluates to [HOl 



o 2 2 2 

aabs = 27r r^rg 



Tiw exp{w/TH) 



2 {exp{w/2Tn)-l){exp{w/2TL)-l] 



(3.21) 



(3.22) 



where Tl^r is given by (|3.16|) , and Th, to be identified below with the Hawking 
temperature, is given by the harmonic mean 



1 



-(— — 



2nro sinh(Q;i) sinh(a5) cosh(a^ 



(3.23) 



Note that in the regime (|3.9| ), the Hawking temperature agrees with ( p.45|) . We will 
make this comparison in Section [4.6| where we will also compare the temperatures 
( p.l6| ),( |3^23D with the values obtained from the D1-D5 CFT (see also Section 8). 



In the w — i> limit, one gets |38 



O'abs — Ah 



where Ah denotes the area of the event horizon. 



(3.24) 



3.1.2 Hawking radiation: 

The semiclassical calculation of Hawking radiation is performed through the stan- 
dard route of finding Bogoliubov coefficients representing mixing of negative and 
positive frequency modes due to evolution from "in" to "out" vacua, defined 
with respect to Minkowski observers existing in the asymptotically fiat regions 
at t = — oo and t = +oo respectively [0 (see, e.g. |jl8|, |102|| for more leisurely 
derivations). 

The rate of radiation is given by 



H 



<^abs 



(2^ 



(3.25) 



As we remarked above, the Hawking temperature, given by Eqns. ( |3.23| ), agrees 
with the temperature ( |2.45| ) in the region (|H^ ) (see Section ^?B| ). 

We will see in Section 8 how and aabs are reproduced in the D-brane picture. 

3.1.3 Importance of near-horizon physics 

It is interesting to note two points for later use: 

(a) The "near zone" described above is simply the near-horizon region as in 
the AdS/CFT context (see Sections 6 and 8), 
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(b) With the inequahty /S <^ a in ( 3.17 ) the solution ( 3.13 ) in the Far zone 
simply becomes 



R = ^e™^ (3.26) 

lap. As we saw (Eqn. 
( p.l9| )), the parameter a also disappears from the ultimate calculation because of 
the division by the flux at infinity. 

Thus, at the end of the day, it is only the near-horizon geometry, together with 
the mere existence of the asymptotically flat region, which ultimately determines 
the absorption cross-section ( p.22|) and the Hawking flux (|3.25|) . 

3.2 Fixed scalars 



which is just a free incoming wave, with flux jF'"(oo) 



The graybody factor for the fixed scalars phi, A [p.01| , |103| , |104| , |105| , |106|| (also 
reviewed in ||107|| ) follows from a similar, but more involved, analysis of the (cou- 
pled) equations of motion of these two fields which follow from the action 



These were solved for general Qi^Q^^N in |[104|| . The method for computing the 
absorption cross-section and the Hawking rate is similar to those employed for the 
minimal scalars. As we noted above, the important ingredient in the semiclassical 
calculation is the near-horizon equation of motion; this turns out be Eq. (|8.57|) . 
Using this, we arrive at the following result for the absorption cross-section for 
fixed scalars (for w, Tr -C Tl) 



CTabs = -Ah{wrn) ( 1 + 



H 



(3.27) 



where the temperatures Tl,Tr,Th are defined in (|3.16| ),( p723D , and the area Ah of 
the horizon is defined in ( |2.44| ). 

As we will see in Section 8, understanding the absorption and emission of fixed 
scalars from D-brane models is a subtle problem[rU^]. Resolution of this problem 



requires [|108|] a new insight from AdS / CFT correspondence about coupling of D- 
branes to supergravity. 
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4. The microscopic modeling of black hole and gauge theory 
of the D1-D5 system 



In section 2^ we discussed the supergrativy solution of the D1-D5 black string 
solution. The solution with = 0, then it it consists of Qi Dl-branes and 
D5-branes. The realization that solitons carrying Ramond-Ramond charges can 
be represented at weak string coupling by open strings with Dirichlet boundary 
conditions [ p.09|| allows the formulation of the microscopic theory for the D1-D5 
system. We will be interested in only low energy degrees of freedom of the D1-D5 
system, and thus we ignore all the massive string modes. There are two ways to 
proceed in the study of the massless modes, and we shall discuss both of them. 
The first method is a description in terms of a 2-dimensional gauge theory of the 
D-branes and the second method involves identifying Dl branes with instantons of 
a 4 dimensional gauge theory. The latter description is more accurate and is valid 
for instantons of all sizes. The 2-dimensional gauge theory description is valid near 
the point in the moduli space of instantons when the instantons have shrunk to 
zero size | |ll(j| ]. We will discuss this more approximate description first and detail 
the domain of validity of this description. 

4.1 The D1-D5 System and the J\f = 4, U{Qi) x UiQ^) gauge theory in 
2-dimensions 

Consider type JIB string theory with five coordinates, say ■ ■ -x^, compactified 
on X T^. The microscopic model for the solution ( 2.27 ) with iV = consists Qi 



Dl-branes and D5-branes fTl], The Dl-branes are along the coordinate 
compactified to a circle S*^ of radius = R, while the D5-branes are parallel to 
x^ and x^, - ■ ■ ,x^ compactified on a torus of volume Vt^ = V4. The charge N 
is related to the momenta of the excitations of this system along S*^. We will work 
in the following region of parameter space: 

R-^l,^^' (4.1) 

Let us briefiy discuss the implications of the above region in parameter space. The 
size of the torus is of the order of string scale the masses of the winding and 
momentum modes of the strings are of order of 1//^. This implies that for energies 
E <C 1/ls we can neglect these modes. On the other hand the radius of the 
is much larger than string scale. Therefore for E <C 1/1^ the winding modes can 
be neglected but one has to retain all the momentum modes. Effectively we can 
then treat the circle as non-compact. We now discuss the symmetries preserved 
by this configuration of D-branes. The 5*0(1, 9) symmetry of 10 dimensions is 
broken down to 50(1, 1) x 50(4)^^ x 50(4)/. The ^0(4)^; stands for rotations 
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of the 6, 7, 8, 9 directions. As the 6, 7, 8, 9 directions are compactified on the torus 
T^, the 5*0(4)/ symmetry is also broken. But we can still use the 5*0(4)/ algebra 
to classify states and organize fields. This configuration of D-branes preserves 8 
supersymmetries out of the 32 supersymmetries of type JIB theory. From the fact 
that we are retaining only momentum modes along the the low energy effective 
action for the collective modes of this D-brane configuration is 1 + 1 dimensional. 

More precisely, we shall see that the low-energy dynamics of this D-brane 
system is described by a U{Qi) x U{Q^) gauge theory in two dimensions with 
A/" = 4 supersjmametry [|^, |111|| . The gauge theory will be assumed to be in the 
Higgs phase because we are interested in the bound state where the branes are not 
separated from each other in the transverse direction. In order to really achieve 
this and prevent branes from splitting off we will turn on the Fayet-Iliopoulos 
parameters. We shall show in section |6.2| that in supergravity these parameters 
correspond to the vev of the Neveu-Schwarz B^s- In principle we can also turn 
on the 9 term in the gauge theory. This corresponds to a vev of a certain linear 
combination of the RR 0-form and 4-form. 

The elementary excitations of the D-brane system (see Figure ^) correspond 
to open strings with two ends attached to the branes and there are three classes 
of such strings: the (1,1), (5,5) and (1,5) strings. The associated fields fall into 
vector multiplets and hypermultiplets, using the terminology of A/" = 2, D = 4 
supersymmetry. 

(1,1) strinos 
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The part of the spectrum coming from (1,1) strings is simply the dimensional 
reduction, to 1 + 1 dimensions (the (t, x^)-space), of the N = l,U{Qi) gauge 
theory in 9 + 1 dimensions ||109|| . 

The bosonic fields of this theory can be organized into the vector multiplet 
and the hypermultiplet of A/" = 2 theory in four-dimensions as 

Vector multiplet: A^o\ ^5^\ \ ^ = 1, 2, 3, 4 (4.2) 
Hypermultiplet: y}^\ z = 6, 7, 8, 9 

The Aq'\ Ag^-* are the U{Qi) gauge fields in the non-compact directions. The ^'s 
and Y^^^'s are gauge fields in the compact directions of the Af = 1 super Yang- 
Mills in ten-dimensions. They are hermitian Qi x Qi matrices transforming as 
adjoints of U{Qi). The hypermultiplet of A/" = 2 supersymmetry are doublets of 
the SU{2){i symmetry of the theory. The adjoint matrices 1^/^^'s can be arranged 
as doublets under SU{2)ji as 

I ^I'M + I (4 3) 



(5, 5) strinQS 

The field content of these massless open strings is similar to the the (1, 1) strings 
except for the fact that the gauge group is U^Q^) instead of U{Qi). Normally 
one would have expected the gauge theory of the (5, 5) strings to be a dimen- 
sional reduction of A/" = 1 U{Q^) super Yang-Mills to 5 + 1 dimensions. In the 
region ([4.1| ) where we are working, we can ignore the Kaluza-Klein modes on T"^, 
effectively leading to a theory in 1 + 1 dimensions. The vector multiplets and the 
hypermultiplets are given by 

Vector muhiplet: \ yjf ^ m = 1, 2, 3, 4 (4.4) 

Hypermultiplet: v}^^ i = 6, 7, 8, 9 

The A'q \ Af^ are the U{Q^) gauge fields in the non-compact directions. The ^^^^-''s 
and y/^"* 's are gauge fields in the compact directions of the M = 1 super Yang-Mills 
in ten-dimensions. They are hermitian x matrices transforming as adjoints 
of U{Q^). The hypermultiplets Y^^^'s can be arranged as doublets under 5'f/(2)/j 

Since x"* are compact, the (1,1) strings can also have winding modes around the 
T^. These are, however, massive states in the (1 + l)-dimensional theory and can 
be ignored. This is because their masses are proportional to l/^fo' (see (|4.1j )). 
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which can be neglected for energies E <^l/ls. Similarly, the part of the spectrum 
coming from (5,5) strings is the dimensional reduction, to 5 + 1 dimensions, of 
the J\f = 1, U{Q^) gauge theory in 9 + 1 dimensions. In this case, the gauge field 



corresponding to this dependence are neglected because the size of the 4-torus is 
of the order of the string scale \f(y' . The neglect of the winding modes of the (1, 1) 
strings and the KK modes of the (5, 5) strings is consistent with T-duality. A set of 
four T-duality transformations along interchanges Dl- and D5-branes and also 
converts the momentum modes of the (5,5) strings along into winding modes 
of (1,1) strings around the dual torus ||112|| . Since these winding modes have been 
ignored, a T-duality covariant formulation requires that we should also ignore the 
associated momentum modes. 

(1,5) and (5,1) strings 

The field content obtained so far is that of A/" = 2, U{Qi) x U^Q^) gauge theory, 
in 1-1-5 dimensions, reduced to l-f-l dimensions on T^. 

The 50(4)/ ~ SU{2)l x SU(2)ji rotations on the tangent space of the torus 
act on the components of the adjoint hypermultiplets X^^'^^ as an i?-symmetry. To 
this set of fields we have to add the fields from the (1,5) sector that are constrained 
to live in 1-1-1 dimensions by the ND boundary conditions. These strings have their 
ends fixed on different types of D-branes and, therefore, the corresponding fields 
transform in the fundamental representation of both U{Qi) and U{Q^). The ND 
boundary conditions have the important consequence that the (1,5) sector fields 
form a hypermultiplet which is chiral w.r.t. S'0(4)/. The chirality projection is 
due to the GSO projection. Hence the i?-symmetry group is SU{2)r. 



A few comments are in order: 

1. The inclusion of these fields, coming from the (1,5) and (5,1) strings, breaks 
the supersymmetry by half, to the equivalent of A/" = 1 in D = 6, and the 
final theory only has SU{2)r /^-symmetry. 

2. The fermionic superpartners of these hypermultiplets which arise from the 
Ramond sector of the massless excitations of (1, 5) and (5, 1) strings carry 
spinorial indices under S0{4^)e and they are singlets under S'0(4)/. 



3. The U{1) X f/(l) subgroup is important. One combination involving the sum 
of the [/(l)'s leaves the hypermultiplet invariant. {Aa'a^Ba'a) have charges 
(-1-1, —1) under the relative U{1). 

4. X is a chiral spinor of 50(4)/ with convention FsTsg X = X ■ 



components ( 



m = 6, 7, 8, 9) also have a dependence on x™. Momentum modes 




(4.6) 
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5. Since we are describing the Higgs phase in which all the branes sit on top of 
each other we have y/^'^"* = 0. 

6. There are two coupling constants in the gauge theory, the coupling constant 
of the Dl-brane gauge theory gf = gs{2TTa') and the coupling constant of the 
D5-brane gauge theory g^^ = gs{2TTa'v Here v is related to the volume of T"^ 
by Vri = a'^(27r)^?). Since we are interested in low energies E <^ 1/ls the 
gauge theory is strongly coupled. 

7. In the above discussion from the geometry of the configuration, the fields 
X- ' along the torus directions and the fields x are compact, since they 
parmetrize positions along the compact directions. However, it is not consis- 
tent with gauge invariance to take hypermultiplets of the M = 2 mulitplet to 
be compact ^. Therefore the hypermultiplets are non-compact. Since we are 
interested in energies E <^l/ls the expectation values of the hypers (which 
have units of energy ) xf^'^^x <^ 1//^. Thus, the (1, 1), (5, 5)(1, 5) strings 
do not probe the entire domain of T^. Therefore even though geometrically 
we are on T"^ it is consistent with the fact that the hypers are non-compact 
as we are intersted in -C l/Zg. 

8. The above discussion of domain of validity of the gauge theory ties in nicely 
with the fact that the gauge theory is an approximate description while the 
instanton moduli space description is a more global description. The gauge 
theory is valid when the hypers get small expectation values. The hyper- 
multiplet of the gauge theory corresponds to the scales of the instanton (via 
the ADHM construction for instantons on R^). Thus the gauge theory is 
valid when the instantons have shrunk to almost zero size [|110 |. 



In summary, the gauge theory of the D1-D5 system is a 1 + 1 dimensional (4, 4) su- 
persymmetric gauge theory with gauge group U{Qi) x UiQ^). The matter content 
of this theory consists of hypermultiplets y*^^^'s, F^^^^'s transforming as adjoints of 
U{Qi) and U{Q^) respectively. It also has the hypermultiplets x's which transform 
as bi-fundamentals of U{Qi) x U{Q^). 

4.2 The Potential Terms 

The Lagrangian of the above gauge theory can be worked out from the dimensional 
reduction of d = 6, J\f = 1 gauge theory. The potential energy density of the vector 
and hyper multiplets is a sum of 4 positive terms (in this section for convenience 



''This can be seen as follows. The D-term equatfons in the Af — 2 theory admit a symmetry 



under the complexified gauge symmetry GL{C, Qi) x GL{C, Q5), (see for instance in [113|). This 
symmetry involves an arbitary scaling. 
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of notation we have defined y/^^ = F^, f/^^ = X„ F^^) = y^^) = x^) [H, |TTTI : 
V = Vi + V2 + Vs + V^ (4.7) 

^1 = -T^ETrf/(Q,)i>^->^nF- AETr^(Q5)[^m,X„]2 (4.8) 

^{Jl m,n m,n 

^2 = -^ETrt/(Q,)[>^^,^™]' - ^ETrc/(Q.)[X„X^]2 (4.9) 

^3 = ^ETrc/{Qo(x^™ - >"™x)(^™X^ - X^Y^) (4.10) 
= ^Trc;(Qo(x^r5.x+ + z[K„r,]+-C^i-)2 

+ jTr^(Q,)(x+^r,,x + - C+^)' (4.11) 

The potential energy V4 comes from a combination of F and D terms of the higher 
dimensional gauge theory. Tij = ^[Ti,Tj] are spinor rotation matrices. The nota- 
tion afj denotes the self-dual part of the anti-symmetric tensor a^. 

In V4 we have included the Fayet-Iliopoulos (FI) terms Cj^, which form a triplet 
under SU{2)ji. Their inclusion is consistent with A/" = 4 SUSY. The FI terms can 
be identified with the self dual part of Bij, the anti-symmetry tensor of the NS 



sector of the closed string theory ||1 14|| . This identification at this stage rests on 
the fact that (i) (^^ and have identical transformation properties under S'[/(4)7 
and (ii) at the origin of the Higgs branch where x = -^ = ^ = 0,V4~ CtjCtj- This 
signals a tachyonic mode from the view point of string perturbation theory |p.l4|| . 
The tachyon mass is easily computed and this implies the relation CtjCtj ~ ^tj^tj- 
These issues are discussed further in Section 7. 

4.3 D-Flatness Equations and the Moduli Space 

The supersymmetric ground state (semi-classical) is characterized by the 2-sets of 
D-fiatness equations which are obtained by setting V4 = 0. They are best written 
in terms of the SU{2)r doublet fields A^(^) and A^(^) : 



We also define C = Cm Cc = Ce? + ^Ces- With these definitions the 2 sets of 
D-fiatness conditions become: 

(AA^ - B^BU, + [Ni'\Ni'\,,, - [N^'\Ni'%,,> = -^5,,,, (4.13) 

Vl 
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iA^B+U + [Ni'\NP\, = ^S,, 

Here a', b' runs from 1 ■ ■ ■ Qi and a, 6 runs from 1 ■ ■ ■ Qs- The hyper mult iplet moduh 
space is a solution of the above equations modulo the gauge group U{Qi) x U^Q^). 



A detailed discussion of the procedure was given in ||111| , p8| . Below we summarize 
the main points. 

If we take the trace parts of ( [4. 131) we get the same set of 3 equations as the D- 
flatness equations for a f/(l) theory with Q1Q5 hypermultiplets, with U{1) charge 
assignment (+1,-1) for {Aa'b, Bj,f^). Thus, 

J2iA,,,A:,,-B^,,B:,l)=C (4.14) 



a'b 



Y.Aa:bBl, = Cc (4.15) 



a'b 



For a given point on the surface defined by ( [4.14| ),( ^.15|) the traceless parts of 
( [4.13|) lead to ?>Q\ + ?>Q\ — 6 constraints among AQ\ + AQl — 8 degrees of freedom 
corresponding to the traceless parts of the adjoint hypermultiplets A^'-^^ and A^*^^). 
Using Ql + Ql — 2 gauge conditions corresponding to SU{Qi) x SU^Q^) we have 
{3Ql + 3Qi - 6) + {Qj + Ql-2)= AQj + AQI-8 conditions for the {AQj + AQj - 8) 
degrees of freedom in the traceless parts of A^*-^-* and A^^^-* . The 8 degrees of freedom 
corresponding to TrXj and Trl^j, i = 6, 7, 8, 9 correspond to the centre-of-mass of 
the D5 and Dl branes respectively. 

4.4 The Bound State in the Higgs Phase 

Having discussed the moduli space that characterizes the SUSY ground state we 
can discuss the fluctuations of the transverse vector multiplet scalars Xm and Ym, 
m = 1,2,3,4. In the Higgs phase since {X^) = (Xm) = and x = X lies on the 
surface defined by ( ^4.14|) , (^4.15|) . The relevant action of fluctuations in the path 
integral is, 

S = Y.j dtdx^{i:iu(Q,)do.X^dPX^ + i:iuiQ,)dcXmdPY^) (4.16) 

m 

+ j dtdX5{V2 + V3) 

We restrict the discussion to the case when Q5 = 1 and Qi is arbitrary. In this 
case the matrix Xm is a real number which we denote by Xm- X is a complex column 
vector with components (A^/, Ba'). Since we are looking at the fluctuations of the 
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Ym only to quadratic order in the path integral, the integrals over the different Ym 
decouple from each other and we can treat each of them separately. Let us discuss 
the fluctuation Yi and set (Yi)a'b' = ^a'vUia'- Then the potential V3, ( [4.10[ ) becomes 



^3 = + \Ba'?){yia' - Xif (4.17) 

a' 

We will prove that + can never vanish if the FI terms are non-zero. In 

order to do this let us analyze the second D-term equation ( |4.13| ) 



Aa.B,, + [N\'\N^i\.,, = ^5a>b' (4.18) 

We can use the complex gauge group GL{C, Qi) to diagonalize the complex matrix 
Arf ^ nig. Then, ( ^TT^ becomes 

Aa'By + {na> - Tl,,) {N!^^^ ) a' W = ^Sa'b' (4.19) 



For a' ^ b', this determines the non-diagonal components of 



(1) 



iN^'\'. = (4.20) 



For a = 6, we get the equations 



which imply that 



Aa'Ba' = ^, (4.21) 



|^a'||5,,| = ^ (4.22) 

with the consequence that \Aa'\ and \Ba'\ are non-zero for all a' = l,..,Qi. This 
implies that (l^a'P + l-^a'P) > 0), and hence the fluctuation {yia' — Xi) is massive. 
If we change variables yia' — > yia' + xi, then xi is the only flat direction. This 
corresponds to the global translation of the 5-brane in the xi direction. 

A similar analysis can be done for all the remaining directions m = 2, 3, 4 with 
identical conclusions. This shows that a non-zero FI term implies a true bound 
state of the = 1, Qi = N system. If FI = 0, then there is no such guarantee and 
the system can easily fragment, due to the presence of flat directions in (l^)a'b'- 

What the above result says is that when the FI parameters are non-zero the 
zero mode of the fields {Ym)a'b' is massive. If we regard the zero mode as a collective 
coordinate then the Hamiltonian of the zero mode has a quadratic potential which 
agrees with the near horizon limit of the Liouville potential derived in ||114| , |88[| . 

The general case with an arbitrary number of Qi and branes seems signif- 
icantly harder to prove and is an open question, but the result is very plausible 
on physical grounds. If the potential for a single test Dl brane is attractive, it is 
hard to imagine any change in this fact if there are 2 test Dl branes, because the 
Dl branes by themselves can form a bound state. 
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4.5 The Conformally Invariant Limit of the Gauge Theory 

In the previous section we showed that the D1-D5 system leads to a bound state in 
the Higgs phase. The next question is about the low energy collective excitations 
of the bound state. They are described by the sigma model corresponding to the 
hyper-multiplet moduli defined by the equations ( [4.13| ). The Lagrangian (bosonic 
part) is 

S = Y.[ dtdx,{truiQ,)daX,d''X, + truiQ,)d^Y,d''Y^) (4.23) 

m 

+ [ dtdx.id^xd'^x^) 



This is a difficult non-linear system, with A/" = 4 SUSY. Since we are interested in 
the low energy dynamics we may as well ask whether there is a SCFT fixed point. 
This SCFT fixed point is relevant in the study of the near horizon geometry (|2.71|) . 
Such a SCFT must have (4,4) supersymmetry (16 real supersymmetries) with a 
central charge c = 6{QiQ5 + l)- Now note that the equations ( |4.14|) ,( ^rT5D describe 



a hyper-Kahler manifold and hence the sigma model defined on it is a SCFT with 
(4,4) SUSY. We can then consider the part of the action involving the Xi and Yi 
which are solved in terms of the x giving a deformation of the SCFT. Now this 
deformation clearly breaks the superconformal symmetry. 

The sigma model action at the conformally invariant point is 

J dtdx5 Y^idaAa'bdaAl,, + daB^,,d^B^,l) (4.24) 



The sigma model fields are constrained to be on the surface defined by ( ^.14| ),( |4.15| ). 



Further after appropriate gauge fixing the residual gauge invariance inherited from 
the gauge theory is the Weyl group S{Qi) x S^Q^) ||111|| . The Weyl invariance 



can be used to construct gauge invariant strings of various lengths. If Qi and 
are relatively prime it is indeed possible to prove the existence of a single winding 
string with minimum unit of momentum given by rrrr- This is associated with the 
longest cyclic subgroup of S{Qi) x ^(Qs)- Cyclic subgroups of shorter length cycles 
lead to strings with minimum momentum j^, where li and I5 are the lengths of 



the cycles ||111|| . In a different way of describing these degrees of freedom we shall 
see in the next sections that strings of various lengths are associated with chiral 
primary operators of the conformal field theory on the moduli space of instantons 
on a 4-torus. 



4.6 Quick derivation of entropy and temperatures from CFT 

We pause in this section to show that certain deductions about thermodynamic 
properties can be made just by the knowledge of the central charge (c = 6Q1Q5) 
and the level of the Virasoro algebra of the unitary superconformal field theory 
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mentioned above. This information is sufficient to calculate the number of mi- 
crostates (a more detailed and complete derivation is given in Section 8). 

To find the microstates of the D1-D5 black hole we look for states with Lq = 
and Zq = Nr. The asymptotic number of distinct states of this SCFT is given by 
Cardy's formula [|115|| 



nL,R =exp[27r^cNL,R/Q]=exp[27i^Q,Q5NL^R] (4.25) 
From the Boltzmann formula one obtains 



S = \nn = 27r{^ Q^Q.Nl + ^QiQ.Nr) (4.26) 

This exactly reproduces the Bekenstein-Hawking entropy ( p. 47 ). The exact agree- 
ment is surprising since for arbitrary Nr, Nl ^ the states being considered are 
far from being supersymmetric. 

The quantity Ql{Nl) defines (the number of states in) a microcanonical en- 
semble, in which we fix the energy of the left-movers to be 

Rb 

The equivalent canonical ensemble is defined by 

oo 

Zl =Tt exp[-PLEL]= E nL{NL)exp[-PLNL/R5] 

oo 



= ^M^t^^QiQ^Nl- PlNl/R^] (4.27) 

For large enough temperature Tl{= 1//5l), the sum in the second line is dominated 
by a saddle point value that occurs at 



This determines the temperature of the left-movers; a similar reasoning works for 
the right movers. The two temperatures are given by 



T. = i = J-,3- and T« = i- = ^, (4,29) 

The temperature Th = ^/Ph of the full system is conjugate to the total energy 
E = El + Eji, and is given by^ 

Ph =l{PL + f3R) ^^ = li^ + ^) (4.30) 

Z Ih ^ IL J^R 

Tn = 1/Ph = "^f^ (4.31) 



^To derive the "harmonic" rule in ( 4.30 ) (cf. also ( |3.23 )), define the full partition function as 
Z = ZlZr = Tr cxpI-HSlEl + [SrEr)] 
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Comparison with Supergravity 



We have so far encountered three expressions for temperature, in Eq. ( |2.45| ) 
in Section 2, in Eqs. ( p.l6| ),( p723D in Section 3, and the expressions ([4.29| ),( ^l31| ) 



above. It will be interesting to compare them. 

Note that the dilute gas regime ( |3.9|) implies (see Eqs ( p.40|) ) 

sinh ai, sinh as ^ l,sinha„ (4.32) 

In this region (see (g^, (|2^) ) 

Ql,5 ~ Ni^5 > Ni-^ 



This gives 

Eq. ( CT ) gives 



rocoshai,5 ^ ^exp[ai,5] ^ \f(h^Q^5 



roe':, = 2JcnNL, roe-''- = 2Jc^Nr 



Using these expressions (and also ( p.34| )) it is easy to see that ( p.45|) , ( p.23| ) both 
reduce to dOip . Also reduce to ( ICTI ). 

4.7 Dl branes as solitonic strings of the D5 gauge theory 

In the previous subsection we found that the Higgs branch of the gauge theory of the 
D1-D5 system flows in the infrared to A/" = (4, 4) SCFT on a target space A4 with 
central charge QQ1Q5 (we have excluded the centre of mass degrees of freedom). 
For black hole processes like Hawking radiation it is important to have a better 
handle on the target space A4. In this section we review the arguments which show 
that the target space is a resolution of the orbifold T"^ x if'^)'^^^^/S{QiQ5). 
(We use the notation to distinguish it from the compactification torus T^.) This 
discussion gives a succinct description of the bound state in the Higgs phase. 



which we can rewrite as 

Z = Tr cxphi(/3i + I3r) {El + Er) Pr) {El - Er)] 

Performing the sum over El — Er (equivalently, over Nl — Nr), and ignoring the unimportant 
multiphcative constant we get 

Z = Tr exp[-(3H{EL+ER)] 

where 

Ph = 1{Pl+Pr) 
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The Qi Dl-branes can be thought of as Qi instantons in the 5 + 1 dimensional 



U{Q^) super Yang-Mills theory of the D5-branes ||116| , |117|| . To see this note 
that the DBI action of the D5-branes have a coupling 

j d^x A Tr[F(5) A F^^)] (4.33) 

The non-trivial gauge configurations which are independent of x", and have zero 
values of A^^^ and A^^ but non-zero values of Tt[F^^^ A F^^)] act as sources of 
the Ramond-Ramond two-form Cqs . If these gauge field configurations have to 
preserve half the supersymmetries of the D5-brane action they should be self dual. 
Thus they are instanton solutions of four-dimensional Euclidean Yang-Mills of the 
6, 7, 8, 9 directions. 

Additional evidence for this comes from the fact that the integral property 
of Tr[F'^^^ A F^^^] corresponds to the quantization of the Dl-branes charge. The 
action for a Qi instanton solution is Qi/ Qym- This agrees with the tension of Qi 
Dl-branes, namely Qi/ Qs- If one is dealing with non-compact D5-branes and Dl- 
branes it is seen that the D-fiatness conditions of the Dl-brane theory is identical 
to the ADHM construction of Qi instantons of U{Q^) gauge theory ||117|| . In fact, 
the last two equations in ([4.13|) are the relevant ADHM equations in this case [p.l8| . 



From the discussion in the preceding paragraphs we conclude that, excluding 
Wilson lines of the U{Q^) gauge theory, M. can be thought of as the moduli space 
of Qi instantons of a U{Q^) gauge theory on T^. This moduli space is known 
to be the Hilbert scheme of Q1Q5 points on ||119|| . can be different from 



the compactification torus T^. This is a smooth resolution of the singular orbifold 
(T'^)^^'^^ / S^QiQ^). We will provide physically motivated evidence for the fact 
that the moduli space of Qi instantons of a f/ (Q5) gauge theory on T"^ is a smooth 
resolution of the orbifold (T'^)^^'^^ / S^QiQ^) using string dualities. The evidence is 
topological and it comes from realizing that the cohomology of Ai is the degeneracy 
of the ground states of the D1-D5 gauge theory. We can calculate this degeneracy 
in two ways. One is by explicitly counting the cohomology of (T^)^^'^-' / S{QiQ^) 



1201] . The second method is to use string dualities as discussed below. Both these 
methods give identical answers. Thus at least at the level of cohomology we are 
able to verify that the moduli space of Qi instantons of a U{Q^) gauge theory on 
is smooth resolution of {f^)^^^''/S{QiQ^). 

Consider type IIB string theory compactified on x with a fundamental 
string having Q5 units of winding along x^ and Qi units of momentum along x^. 
On performing the sequence of dualities ST^j^i^ST^Q we can map the fundamental 
string to the D1-D5 system (we can de-compactify the x^ direction finally) with Qi 



Dl-branes along x^ and Q5 D5-branes along ^ [p.21|| . Therefore using 



this U-duality sequence the BPS states of this fundamental string (that is, states 
with either purely left moving or right moving oscillators) maps to ground states of 
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the D1-D5 system. The number of ground states of the D1-D5 system is given by 
the dimension of the cohomology of Ai. From the perturbative string degeneracy 
counting the generating function of BPS states with left moving oscillator number 
Nl is given by 



where d{N]^) refers to the degeneracy of states with left moving oscillator number 
Nl. The D1-D5 system is U-dual to the perturbative string with = QiQn- 

Explicit counting of the cohomology of {f'^)^^^'/S{QiQ5) gives d{QiQ5)/256. 
The factor 256 comes from quantization of the center of mass coordinate along 
1,2,3,4 directions and the 6,7,8,9 directions. The center of mass coordinate is 
represented by the U (1) of U (Qi) x U {Q5). Therefore the low energy theory of the 
bound D1-D5 system is a SCFT on the target space 



It is also useful to interpret the moduli represented by the free form the gauge 
theory of Q5 D5-branes. As this theory is on a torus T"^ it admits Wilson-lines 
along all the cyles of the T^. The free torus in the above equation stand for 
Wilson-lines in the theory of the D5-branes. From the D1-D5 gauge theory point 
of view the free belongs to the Higgs branch as it stands for the center of mass 
coordinate on parametrized by Tru(Qg)(Yp^) -|- Tru(Qi)(Yp^) while i?^ belongs 
to the Coulomb branch. It is parameterized by Tru(Q5)(Y(^)) -|-Tru(Qi)(Y^)). Thus 
the Higgs branch of the D1-D5 gauge theory flows in the infrared to a jV = (4,4) 



SCFT on x (f ^)^^^V5(QiQ5). The SCFT on is free while the symmetric 



product contains interesting dynamics. From now on we will denote the symmetric 




(4.34) 



(4.35) 



product orbifold (T^f'^'/SiQiQ^) by M. 
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5. The SCFT on the orbifold M 



As we have seen in the last section the Higgs branch of the D1-D5 system flows 
in the infrared to a product of a A/" = (4, 4) SCFT on a resolution of the orbifold 
Ai with a free theory on T^. As the SCFT on is free and decoupled we will 
first focus on the symmetric product. We will formulate the SCFT on as a 
free field theory with identifications and discuss its symmetries. In particular we 
find a new SO (4) algebra which is useful in the classification of states. We then 
construct the operators which correspond to the moduli of the SCFT including 
the four operators which correspond to the resolution of the orbifold. Finally we 
explicitly construct the chiral primaries of the A/" = (4, 4) SCFT on the symmetric 
product orbifold A/1. 

The A^ = (4, 4) SCFT on A4 is described by the free Lagrangian 



S 



(5.1) 



Here i runs over the coordinates 1,2,3,4 and A = 1,2,..., QiQ^ labels various 
copies of the four-torus. The symmetric group S{QiQ^) acts by permuting the 
copy indices. It introduces various twisted sectors which we will discuss later. The 
free field realization of this SCFT has M = (4, 4) superconformal symmetry. To set 
up our notations and conventions we review the J\f = 4 superconformal algebra. 

5.1 The J\f = A superconformal algebra 

The algebra is generated by the stress energy tensor, four supersymmetry currents, 
and a local SU{2) R symmetry current. The operator product expansions(OPE) 
of the algebra with central charge c are given by (See for example [|122|| .) 



T{z)T{w 
G''{z)G''\w 
r{z)J\w 
T{z)G%w 
T{z)G''^{w 
T{z)J\w 
J\z)G''{w 



dT{w) ^ 2T{w 



+ 



z — w {z — wY 2{z — w) 
2T{w)5a, ^ 2al,dJ^ ^ Aal,J 



(5.2) 



2c5, 



ab 



Z — W 

z — w 
dG^jw) 

z — w 
dG^^jw] 

z — w 
dJHw) 



z — w 
c 



{z — wY 3{z — wY 



12{z-wY' 
SG^iz) 



+ 

I 

- + 



2{z-wY 
SG^^jz) 

2{z-wY' 



z — w {z — wY 
G^z^ia'Y" 
2{z-w) ' 
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^ ^'^^ ^ " 2(.-^) 

Here T{z) is the stress energy tensor, G°-{z\G^'^{z) the SU{2) doublet of super- 
symmetry generators and J^{z) the SU{2) R symmetry current. The cr's stand for 
Pauh matrices and the cr's stand for the complex conjugates of Pauli matrices. In 
the free field realization described below, the above holomorphic currents occur to- 
gether with their antiholomorphic counterparts, which we will denote by J{z), G{z) 
and T{z). In particular, the R-parity group will be denoted by SU{2)r x SU{2)j^. 

5.2 Free field realization of = (4, 4) SCFT on the orbifold M 

A free field realization of the A/" = 4 superconformal algebra with c = QQ1Q5 can 
be constructed out of Q1Q5 copies of four real fermions and bosons. The generators 
are given by 

T{z) = dXAiz)dX\iz) + ^^IfA{z)d^\{z) - ^d^A{z)^\{z) (5.3) 
jRiz) = l^A{z)a^^^A{z) 



We will use the following notation for the zero mode of the R-parity current: 

4 = ^ / ^^A{z)a^^'Aiz) (5.4) 

In the above the summation over A which runs from 1 to Q1Q5 is implied. The 
bosons X and the fermions ^ are 



Xa{z) = {X\{z),Xl{z))^^{x\{z) + ixl{z),x\{z)+ix\{z)), (5.5) 

^a(z) = (^\iz),^l{z)) = ^{^|;\{z)+i^|;\iz),^|;\{z)+^rA{z)) 

(X'j{z)\ ^ [l(x\iz)-ix\{z)\ 
[X'jiz)) \l2[x\iz)-ix\iz)) 



X\{z) 
*Ii(^) 



^ / ^'2{z) \ ^ /T/^i(z)-#i(z) 



5.3 The S0{4) algebra 

In addition to the local R symmetry the free field realization of the jV = 4 super- 
conformal algebra has additional global symmetries which can be used to classify 
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the states. There are 2 global SU(2) symmetries which correspond to the 5*0(4) 
rotations of the 4 bosons x*. The corresponding charges are given by 



-'2 



Here 



^A^{^\,^'1) ^A=(||). (5.7) 

These charges are generators of SU{2) x SU{2) algebra: 

[II H] = ie'^'l^ [/^, H] = le^^'^I^ (5.8) 

The commutation relation of these new global charges with the various local charges 
are given below 

[li,G^{z)]^0 [7i,G"t(^)]^o (5.9) 
[li,T{z)]^0 [li,J{z)]^0 

[Il,T{z)] = Q [Il,J{z)]^Q 



where 



(5.10) 



The following commutations relation show that the bosons transform as (2, 2) 
under SU{2)i^ x SU{2)i^ 

[II Xl] = \x\al [II X^t] = -\ai,X'} (5.11) 
1 1 • 

The fermions transform as (2, 1) under SU (2)/^ x SU {2)i^ as can be seen from the 
commutations relations given below. 

[II n\ = \^>la [II = (5.12) 
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We are interested in studying the states of the N = (4, 4) SCFT on A4. The clas- 
sification of the states and their symmetry properties can be analyzed by studying 
the states of a free field realization of a = (4,4) SCFT on R'^^'Q^ /SiQiQ^). 
This is realized by considering the holomorphic and the anti-holomorphic A/" = 4 
superconformal algebra with c = c = 6Q1Q5 constructed out of Q1Q5 copies of 
four real fermions and bosons. So we have an anti-holomorphic component for 
each field, generator and charges discussed above. These are labelled by the same 
symbols used for the holomorphic components but distinguished by a tilde. 

The charges /i,/2 constructed above generate 5*0(4) transformations only on 
the holomorphic bosons Xji{z). Similarly, we can construct charges /i,/2 which 
generate 50(4) transformations only on the antiholomorphic bosons Xa{z). Nor- 
mally one would expect these charges to give rise to a global SO {4) hoi x SO{4:)antihoi 
symmetry. However, the kinetic term of the bosons in the free field realization is 
not invariant under independent holomorphic and antiholomorphic 5*0(4) rota- 
tions. It is easy to see, for example by using the Noether procedure, that there is 
a residual 5*0(4) symmetry generated by the charges 

Ji = h + h Ji = h + h (5.13) 

We will denote this symmetry as S0(4)/ = SU{2)i x St7(2)^, where the SU{2) 
factors are generated by J/, J/. These charges satisfy the property that (a) they 
correspond to 5*0(4) transformations of the bosons Xa{z^ z) = Xa{z) + Xa{z) and 
(b) they fall into representations of the Af = (4, 4) algebra (as can be proved by 
using the commutation relations (|5.11|) of the J's). The bosons X{z,z) transform 



as (2, 2) under SU{2)j x SU{2)j. 
5.4 The supergroup 5*f/(l,l|2) 

The global part of the Af = A superconformal algebra forms the supergroup 
5f/(l,l|2). Let L±^o, J^^'^"^^'^^^ be the global charges of the currents T{z) and 
Jji{z) and Gy2-i/2 global charges of the supersymmetry currents G'^(z) in 
the Neveu-Schwarz sector. From the OPE's ( p.2[ ) we obtain the following commu- 
tation relations for the global charges. 



[Lo, L±] = tL± [Li, = 2Lo (5.14) 
{^^1/2)^-^/2} = 26''^Lo + 2(T*^jjj*^ 
{Gli/2, ^1/2} = 25"^ Lq - 2alf^J^^ 



[L_,G"/2] = -^-1/2 = Gi/2 
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[L+, Glj^] - [L^,Gf/2] - 

la } _^r^b ( rr^\ba r t(«) r^a] i _ ^ ( rr^\ba /~ib] 

■±1/2J - 2*-^±l/2l^ ^ '*-^±l/2J - "2' ' ±1/2 



The above commutation relations form the algebra of the supergroup SU{1, 1|2). 
The global part of the M = (4, 4) superconformal algebra form the super group 
SU{1,1\2) X 5f/(l,l|2). 

5.5 Short multiplets of 5f/(l,l|2) 

The representations of the supergroup SU{1,1\2) are classified according to the 
conformal weight and SU{2)ji quantum number. The highest weight states |hw) = 
\h,3R,jR = 3r) satisfy the following properties 

Li|hw) = Lo|hw) = h\\vN) (5.15) 
4+^|hw) =0 Jf\\m) =jR|hw) 
G"f/2|hw)=0 ^1)21^ = 



where = Jjl^+iJ^^\ Highest weight states which satisfy G'^\^2|hw) = 0, G\i^2\^^) 
are chiral primaries. They satisfy h = j. We will denote these states as |hw)5. 
Short multiplets are generated from the chiral primaries through the action of the 
raising operators J_, G^\^2 G'^^^2- The structure of the short multiplet is given 
below 



States j Lq Degeneracy 

|hw)5 h h 2h + l 

GL\/2|hw)5>G'-i/2|hw)s h-1/2 h + 1/2 2h + 2h = Ah 

G%/2G\/2\^^)s h~l h + 1 2h-l 



(5.16) 



The short multiplets of the supergroup SU(1,1\2) x 5'f/(l,l|2) are obtained by 
the tensor product of the above multiplet. We denote the short multiplet of 
5f/(l,l|2) X 5f/(l,l|2) as (2h + l,2h' + l)s. These stand for the degeneracy 



of the bottom component, the top row in (|5.16|) . The top component of the short 



multiplet are the states belonging to the last row in ( ^.16|) . The short multiplet 



(2, 2)s is special, it terminates at the middle row of (|5.16|) . For this case, the top 
component is the middle row. These states have h = h = 1 and transform as (1, 1) 
of SU{2)fi X SU{2)j^. There are 4 such states for each (2, 2)s. 

5.6 The resolutions of the symmetric product 

The Higgs branch of the D1-D5 system at low energies apart from the SCFT on 
the free torus is a SCFT on a resolution of the orbifold Ai. So it is important 
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for us to understand the operators corresponding to the moduh and the resolution 
of the orbifold A4. To this end we construct all the marginal operators of the 
J\f = (4,4) SCFT on the symmetric product orbifold Ad. We will find the four 
operators which correspond to resolution of the orbifold singularity. 

5.6.1 The untwisted sector 

Let us first focus on the operators constructed from the untwisted sector. The 
operators of lowest conformal weight are 

^\{z)^\{-z) ^\{z)^'l{z) (5.17) 
^'2iz)^\{z) ^'2{zm{z) 

where summation over A is implied. These four operators have conformal di- 
mension {h,h) = (1/2,1/2) and = (1/2,1/2) under the R-symmetry 
SU{2)r X SU{2)j^. Since {h,h) = these operators are chiral primaries 
and have non-singular operator product expansions (OPE) with the supersym- 
metry currents (z) , G'^'^ (z) , & (z) , (z) . These properties indicate that they 
belong to the bottom component of the short multiplet (2, 2)s ^. Each of the four 
chiral primaries gives rise to four top components of the short multiplet (2,2)s. 
They are given by the leading pole {{z — w)~^{z — w)~^) in the OPE's 

G\z)G^{z)V{w,w) G\z)G'\z)V{w,w) (5.18) 
G'\z)G^{z)V{w, w) G^^{z)G'\z)V{w, w) 

where V stands for any of the four chiral primaries in ( ^.17| ). From the supercon- 
formal algebra it is easily seen that the top components constructed above have 
weights (1, 1) and transform as (1, 1) under SU{2)r x 5f7(2)^. The OPE's (|5l8| ) 



can be easily evaluated. We find that the 16 top components of the 4(2, 2)s short 
multiplets are dx^dx-'^. 

We classify the above operators belonging to the top component according to 
representations of (a) the S'0(4)/ rotational symmetry of the T^, (The four torus 
breaks this symmetry but we assume the target space is for the classification 
of states) (b) R symmetry of the SCFT and (c) the conformal weights. As all of 
these operators belong to the top component of (2,2)s the only property which 
distinguishes them is the representation under 5*0(4)/. The quantum numbers of 
these operators under the various symmetries are 

Operator SU{2)i x SU{2)j SU{2)r x SUi^)^ {h, h) 

dxt{z)dx=l{-z) - \5^^dx\{z)dx\{-z) (3,3) (1,1) (1 J) 

dx\{z)d4{z) (3,1) + (1,3) (1,1) 

dx\{z)dx\{z) (1,1) (1,1) (1,1) 



^We restrict our operators to be single trace operators. This excludes operators of the type 
^QiQs 4-^^(2) X^^L^" ^b(^)- Multi-trace operators in the AdS/CFT correspondence has been 



discussed in p|, 124 1 
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Therefore we have 16 marginal operators from the untwisted sector. As these are 
top components they can be added to the free SCFT as perturbations without 
violating the M = (4, 4) supersymmetry. 

5.6.2 Z2 twists. 

We now construct the marginal operators from the various twisted sectors of the 
orbifold SCFT. The twist fields of the SCFT on the orbifold Ai are labeled by the 
conjugacy classes of the symmetric group S^QiQ^) ||125| , |126| , |127|| . The conjugacy 
classes consist of cychc groups of various lengths. The various conjugacy classes and 
the multiplicity in which they occur in SlQiQ^) can be found from the solutions 
of the equation 

^niV„ = QiQ5 (5.20) 

where n is the length of the cycle and Nn is the multiplicity of the cycle. Consider 
the simplest nontrivial conjugacy class which is given by A^^i = Q1Q5 — 2, N2 = 1 
and the rest of Nn = 0. A representative element of this class is 

{Xi X2, X2 — > Xi), X3 — > X3, . . . , Xg^Qg XQiQt, (5.21) 



Here the X^'s are related to the xas appearing in the action (|5.1| ) by ( |5.5|) . 

To exhibit the singularity of this group action we go over to the following new 
coordinates 

= Xi + X2 and = Xi - X2 (5.22) 

Under the group action ( |5.21| ) X^m is invariant and — *• —0. Thus the singularity 
is locally oi the type /Z2. The bosonic twist operators for this orbifold singularity 
are given by following OPE's |128| 



\z)a\w,w) = - — d<j)\z)a {w,w) = — — —^^ 



^ 'z)a {w,w) = —pj ocp '{z)a {w,w) — 









w,w) 








[w, w) 




-wy/^ 




[w, w) 







(5.23) 



{z-wy/^ 



{z-wyi' 

'^\z)a\w,w) = ' ^"^'7,; d4>^\z)a\w,w) = J^^^ 



2 



1/2 



The r's are excited twist operators. The fermionic twists are constructed from 
bosonized currents defined by 

X\z) = e^^^(^) x'\z) = e-^^^(^) (5.24) 
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Where the x's, defined as — ^2, are the superpartners of the bosons (j). 

From the above we construct the supersymmetric twist fields which act both 
on fermions and bosons as follows: 



=ai(^,^)a2(^,z)e-*^'(^)/2g+^/f2(.)/2g^5i(.-)/2g-i52(^^^^^ 



The subscript (12) refers to the fact that these twist operators were constructed for 
the representative group element ( ^.21| ) which exchanges the 1 and 2 labels of the 
coordinates of T^. The superscript stands for the (j^, j^) quantum numbers. The 
twist operators for the orbifold A4 belonging to the conjugacy class under consid- 
eration is obtained by summing over these Z2 twist operators for all representative 
elements of this class. 

Q1Q5 Q1Q5 .1 1. 
S(...)= ^ Y: sSS)^^ (5-26) 

1=1 j=l,jj^i 

We can define the rest of the twist operators for the orbifold in a similar manner. 
The conformal dimensions of these operators are (1/2,1/2). They transform as 
(2, 2) under the 5f/(2)^ x SU{2)j^ symmetry of the SOFT. They belong to the 
bottom component of the short multiplet (2,2)s. The operator is a chiral 

primary. As before the 4 top components of this short multiplet, which we denote 
by 

T^ii), T'^h-i) (5.27) 

are given by the leading pole in the following OPE's respectively 

G^iz)&{z)J:^"^'"^\w,w), G\z)G'\z)^^^^'"^\w,w), (5.28) 
G'^{z)G^{z)i:^"2' l){w, w), G^\z)G^^{z)i:^'^' '^\w, w) 

These are the 4 blow up modes of the -R^/2'2 singularity ||129|| and they have 
conformal weight (1, 1)^'^. They transform as (1, 1) under the SU{2)ji x SU{2)ji. 
As before, since these are top components of the short multiplet (2,2)s they can 
be added to the free SCFT as perturbations without violating the Af = (4, 4) 



^^Relevance of Z2 twist operators to the marginal deformations of the SCFT has earher been 



discussed in |130, 131 1 
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super symmetry of the SOFT. The various quantum numbers of these operators are 
hsted below. 



Operator 




SU{2)r X SU{2)^ 






(0,1) 


(1,1) 


(1,1) 




(0,0) 


(1,1) 


(1,1) (5.29) 




(0,-1) 


(1,1) 


(1,1) 




(0,0) 


(1,1) 


(1,1) 



The first three operators of the above table can be organized as a (1,3) under 
SU(2)i X SU{2)j. We will denote these 3 operators as T^. The last operator 
transforms as a scalar (1, 1) under SU{2)j x SU{2)j and is denoted by T^. The 
simplest way of figuring out the quantum numbers in the above table is 

to note that (a) the E-operators of ( |5.25D are singlets under SU{2)j x SU{2)j, as 
can be verified by computing the action on them of the operators Ji, I2 and /i, /2, 
(b) the T-operators are obtained from S's by the action of the supersymmetry 
currents as in (|5.28| ) and (c) the quantum numbers of the supersymmetry currents 
under Ji, I2 and Ji, I2 are given by 



5.6.3 Higher twists 

We now show that the twist operators corresponding to any other conjugacy class 
of S^QiQ^) are irrelevant. Consider the class with Ni = Q1Q5 — 3, A^3 = 1 and the 
rest of Nn = 0. A representative element of this class is 



(Xi X2, X2 — > X3, X3 Xi), X4 — » X4 



Xr 



Xr 



(5.30) 



To make the action of this group element transparent we diagonalize the group 
action as follows. 



(5.31) 



where uj = exp(27ri/3). These new coordinates are identified under the group 
action (|5.30|) 0i ^ 0i, 02 ^ 
characteristic of the orbifold 







(1 1 


l\ 




02 




1 CO 




X2 













2 and 03 — * ci;03. These identifications are locally 



X R^u X Ryu' 



(5.32) 



The dimension of the supersymmetric twist operator which twists the coordinates 
by a phase e^^^'^^^ in 2 complex dimensions is h{k,N) = k/N\ \L2^ . The twist 
operator which implements the action of the group element (|5.30|) combines the 
supersymmetric twist operators acting on 02 and 03 and therefore has total dimen- 
sion 

/i = /i(l,3) + /i(2,3) = 1/3 + 2/3 = 1 (5.33) 
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It is the superpartners of these which could be candidates for the blow up modes. 
However, these have weight 3/2, These operators are therefore irrelevant. 

For the class A^i = QiQ^ — k , = k and the rest of Nn = 0, the total 
dimension of the twist operator is 



fc-i 



h = Y,h{i,k) = {k-l)/2 



(5.34) 



Its superpartner has dimension k/2. Now it is easy to see that all conjugacy classes 
other than the exchange of 2 elements give rise to irrelevant twist operators. Thus 
the orbifold Ai is resolved by the 4 blow up modes corresponding to the conjugacy 
class represented by ( |5.21|) . We have thus identified the 20 marginal operators 
of the M = (4,4) SCFT on T^. They are all top components of the 5(2, 2)s 
short multiplets. The 5(2, 2)s have 20 operators of conformal dimensions {h, h) = 
(1/2,1/2). These are relevant operators for the SCFT. It would be interesting 
to investigate the role of these relevant operators. As they are chiral primaries 
they would break only half of the supersymmetries of the SCFT and therfore 
the renormalization group flow induced by these operators would persumably be 
tractable for study. 

5.7 The chiral primaries of the = (4,4) SCFT on M 

In this section we will explicitly construct all the chiral primaries corresponding 
to single particle states of the SCFT on the orbifold A4. For this purpose we 
will have to construct the twist operator corresponding to the conjugacy class 
Ni = Q1Q5 ~ k, Nf^ = k and the rest of Nn = 0. 



5.7.1 The k-cycle twist operator 

We will extend the method of construction of the 2-cycle twist operator of Section 



5.6.2| to the construction of the k-cycle twist operator. Consider the conjugacy 
class given by A^i = Q1Q5 — k, = k and the rest of Nn = 0. A representative 
element of this class is the following group action 



(Xi X2, . . . , Xfc ^ Xi), Xfc+i Xfc+1, . . . , Xg^Qg XqiQs- 

We can diagonalize the group action as follows 
f di. \ ( I I 1 



(l 1 

1 UJ 
1 



UJ 



1 UJ^-^ Cj('=-1)2 



1 

uj"^-^ 

^2(fc-l) 



N2 
X3 



(5.35) 



(5.36) 
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where uj = e^'^^/^. These new coordinates are identified under the group action 
(|;35D as 

01 ^ tU0i, 02 l^^4>2, 03 tU^03, • • • , 0fe-l Cu''"Vfc-l, 0fe " ^ tu''0fc 

(5.37) 

These identifications are locally characteristic of the orbifold 

R" X R^/uj X /2Vcu2 X ... X i?V^'^' (5-38) 

The coordinate 0^ is twisted by the phase u"^ ( m runs from 1 . . .k). The bosonic 
twist operators corresponding to this twist are defined by the following OPE's 

50^^^^^^) = 77^%^ ^</'^H^)^^(^'^) = 7^^%^ (5-39) 









{w, 


w) = 




{z - wy-'^/'' 


{z - 






^1 


{w, 


w) = 




{z - 


{z - w)™/*^ 








{w, 


w) = 




{z - 


{z - wy-'^i^ 




m{z] 




[w, 


w) = 




(z - w)'^/^ 


(z - 



As in Section 5.6.2 r's are excited twist operators. The fermionic twists are con- 



structed from bosonized currents defined by 



Xliz) = e'^'"(^) xlliz) = e-^^^(^) (5.40) 



Where the Xm's are the superpartners of the bosons 0m 's. The twist operators 
corresponding to the fermions Xm's are given by e±™-'^™/'=. 

We now assemble all these operators to construct the k-cycle twist operator 
which is a chiral primary. The k-cycle twist operator is given by 

k-l 
m=l 

(5.41) 

The subscript (12 ... A;) refers to the fact that these twist operators were con- 
structed for the representative group element ( ^.35|) which cyclically permutes the 
1, . . . , /c labels of the coordinates of T^. The superscript {k — l)/2 stands for the 



conformal dimension of this operator. As we saw in Section |5.6.3| the conformal 
dimension of the twist operator for the conjugacy class A^^i = Q1Q5 — k, Nj^ = k 
and the rest of = is {h, h) = {{k — l)/2, {k — l)/2). The twist operator for 
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the conjugacy class under consideration is obtained by summing over the k-cycle 
twist operators for all representative element of these class. 

S(^-i)/2(z,z)= E (5.42) 

{ii,---,ik} 

where the sum runs over all fc-tuples {ii...,ik} such that % ^ %2 ^ ■ ■ ■ ^ %k- 
%ra take values from 1 to Q1Q5. The operator E'^'^"^)/^ is a chiral primary with 
conformal dimension {h, h) = ((A; — l)/2, (A; — l)/2) and (jR^jji) = {{k — l)/2,{k — 
l)/2). As the largest cycle is of length Q1Q5, the maximal dimension of the k- 
cycle twist operator is {{Q1Q5 — l)/2, (Q1Q5 — l)/2). It belongs to the bottom 
component of the short multiplet (k, k)s. The other components of the short 
multiplet (k, k)s corresponding to the k-cycle twists can be generated by the action 
of supersymmetry currents and the R-symmetry currents of the J\f = (4, 4) theory 
on M. 

5.7.2 The complete set of chiral primaries 



We have seen is Section there are five chiral primaries corresponding to the 
short multiplet 5(2, 2)s. In this section we will construct the complete set of chiral 
primaries from single particle states of the SCFT on A^. It is known that the 
chiral primaries with weight {h, h) oi a, M = (4, 4) super conformal field theory on 
a manifold K correspond to the elements of the cohomology ^^2/1 2^ (-^) 11131 • The 
chiral primaries are formed by the product of the chiral primaries corresponding 
to the cohomology of the diagonal denoted by (the sum of all copies of T^) 



and the various k-cycle chiral primaries constructed in Section [5.7. 1| . We will list 
the chiral primaries below 

Chiral primaries with h — h = 

All the k-cycle chiral primaries have h — h = 0. To construct chiral primaries 
with h — h = we need the four chiral primaries which correspond to the coho- 
mology 7^11(5^) with weight (1/2,1/2). They are given in ( |5.17|) . Using this we 
can construct the following chiral primaries 

S('^-i)/2(z, z)^\{z)^\{z) J:^'-'y'{z, z)<i^\{z)¥2{z) (5.43) 
S('=-i)/^(., zM{z)^\{-z) S(^-i)/^(., -z)^'l{zM{-z) 

where summation over A is implied. These four operators have conformal dimen- 
sion {k/2,k/2). There is one more chiral primary corresponding to the cohomology 
'H22{,B'^) for which h — h = 0. It is given by 

<I^\{z)^'2{z)^\{-z)¥2{-z) (5.44) 

where summation over all indices of A is implied. This chiral primary corresponds 
to the top form of B"^. The cohomology Hoo(-B^) gives rise to a chiral primaries of 



70 



conformal dimension {k/2,k/2). It is given by 

eM/^(z, z)-^\{z)'^'l{z)^\{z)^'l{z) (5.45) 

From the equation above we sec that these chiral primaries exist only oi k > 2. 
Finally we have the chiral primary T.^''^^'^{z, z) of conformal dimension {k/2,k/2). 
Thus for k > 2 and k < Q1Q5 — 1 there are 6 chiral primaries of dimension 
{k/2,k/2) 

The complete list of chiral primaries with {h, h) with h — h — corresponding 
to single particle states are given by 

{h, h) Degeneracy 

(1/2,1/2) 5 

(1,1) 6 

(3/2,3/2) 6 (5.46) 

((QiQ5-i)/2,(Qig5-i)/2) 6 

((QiQ5)2,(giQi)/2) 5 

((gig5 + i)/2,(gig5 + i)/2) i 

In the above table we have ignored the vacuum with weight (/i, h) — (0, 0). 

Chiral primaries with h — h = 1/2 

The chiral primaries of B'^ which correspond to the elements of the cohomology 
7iio{B'^) are given by 

Q1Q5 Q1Q5 

E ^\{z) and E ^'2{z) (5.47) 

A=l yl=l 

We can construct chiral primaries with weight {{k + l)/2,A;/2)) by taking the 
product of the above chiral primaries with the twist operator T,'^/'^{z,z). These 
give the following chiral primaries 

Q1Q5 Q1Q5 
Y.^l''{z,z) '^\{z) and Y.^l''{z,z) ^ *^^(z) (5.48) 

A=\ A=\ 

The chiral primary of the diagonal which correspond to the elements of the 
cohomology 7^21 (-B^) are 

^\{z)^^l{z)^>\{z) and ^\{z)^''l{z)Wl{z) (5.49) 

Here summation over all the three indices of A is implied. From these the one can 
construct chiral primaries with weight ((/c + l)/2,A;/2) are follows 

lp-'''^l'^{z,z)^\{z)'^'^l{z)^\{z) and li^-'^l''{z,z)^\{z)^''l{z)¥l{z) (5.50) 
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Therefore there are 4 chiral primaries with weight {{k + l)/2,k/2) for 1 < A; < 
iQiQb — 1) and 2 chiral primaries with weight {{Q1Q5 + l)/2, Q1Q5/2). There are 
also 2 chiral primaries with weight (1/2,0). 

Chiral primaries with h — h = 1/2 

The procedure for constructing these chiral primaries are identical to the case 
h — h — 1/2. The four chiral primaries with weight {k/2, {k + l)/2) are given by 



nw5 



A=l A=l 

E('=-^)/^(z,z)*^(z)*^(z)^^t(^) EM/^(z,z)*^t(^)^i^(^)^2t(-) 

There arc 4 chiral primaries with weight {k/2, (h: + l)/2) for 1 < A; < (Q1Q5 — 1) 
2 chiral primaries with weight {QiQb/'^i {Q\Qb + l)/2) and 2 chiral primaries with 
weight (0,1/2). 

Chiral primaries with h — h — 1 

As in the previous cases let us first look at the chiral primaries corresponding 
to the cohomology element 7^20 (-6^). There is only one element which is given by 

^\{z)^'2{z) (5.52) 

where summation over A is implied. There is a single chiral primary with weight 
{{k + 2)/2,k/2) constructed out of the above chiral primary is 

E''/'{z,z)^\{z)^'2{z) (5.53) 

Thus there is a one chiral primary with weight {{k + 2)/2,k/2) for < k < 
{Q1Q5 — 1)- The operator product expansion of two chiral primaries will give rise 
to other chiral primaries consistent with conservation laws. There are known to 
form a ring. It will be interesting to understand the structrure of this ring. 

Chiral primaries with h — h — 1 

The construction of these is parallel to the case for h — h = 1 . The single chiral 
primary with weight {k/2, {k + 2)/2) for < A; < {Q1Q5 — 1) is given by 

J:''/'{z,z)¥^{z)¥2{z) (5.54) 



There are no chiral primaries with h—h > 1 or h—h > 1. From the construction 
of the chiral primaries we see that such chiral primaries can exist only if there is 
an element in Hro{B'^) or Hor{B'^) with r > 1. As the homology groups of is 
identical to that of a four torus we know that such elements do not exist. 
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5.8 Short multiplets of A/" = (4,4) SCFT on M 



Using the resuhs of Section |5.7| we wiU write the complete set of short muhiplets 
of single particle states of the J\f = (4,4) SCFT onf A4. In Section 6 we will 
compare this set of short multiplets with that obtained from supergravity. We will 
see in Section 6.1 that supergravity is a good approximation in string theory only 
when Qi — oo, ^ oo. Therefore we write down the list of short multiplets for 
(T4)(°°)/^(oo). Basically this means that the list of chiral primaries of the previous 
Section |5]^ does not terminate. 

We have seen that each chiral primary of weight {h, h') gives rise gives rise 
to the short multiplet (2h + l,2h' + 1))^. Therefore the results of Section 



indicate that the list of shormultiplets corresponding to the single particle states 
of AT = (4,4) SCFT on {f^Y^^/S{oo). is given by 

5(2,2)5 + 6©„,>3 (m,m)5 (5.55) 
2(l,2)s + 2(2,l)5 + (l,3)s + (3,l)s 
®m>2[im, m + 2)s + (m + 2, m)s + 4(m, m + l)s + 4(m + 1, m)s ] 

In our discussion so far we have ignored the short multiplets from the free 
torus which forms a part of the Higgs branch of the D1-D5 system. We will 
see in section 6 that the short multiplets from the free torus are not present in 
the supergravity. Thus for comparision with supergravity it is sufficient for us to 
restrict our attention to the shortmultiplets on Ai. 

5.9 Stringy exclusion principle 

We see from the preceding discussion that the spin of short multiplets in the SCFT 
is bounded by (H-QiQ5)/2. In the context of the AdS3/CFT2 correspondence (see 
Section 6) this is puzzling at ffist since there is no corresponding bound on spin 
from supergravity. However, since supergravity is only valid at Qi,Q^ —>■ (yo these 
two facts are reconciled. The existence of a maximum spin for finite Qi,Q5 has 



been called the "stringy exclusion principle" |9^. Clearly this bound cannot be 
understood in supergravity and should be understood in terms an exact treatment 
of strings in AdSs. 
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6. Near horizon super gravity and SCFT 



In this section we will classify the supergravity fields according to the symmetries 
of the near horizon geometry of the D1-D5 system which was derived in section. 



27g and compare them with the chiral multiplets of the SCFT on A4. 

Let us examine the symmetries of the near horizon geometry (|2.70| ). The 



bosonic symmetries arise from the isometrics of AdS^ and 5^. The isometrics 
of the AdSs space form the non-compact group SO{2,2), while the isometrics of 
form the group S0{4:)e = SU{2)e x SU{2)^. Though the compactification 
on breaks the SO {A) rotations of the coordinates Xg, . . . ,^9 we can still use 
this symmetry to classify supergravity fields. We will call this symmetry SO{A)i. 
The D1-D5 system preserves eight out of the 32 supersymmetries of the type IIB 
theory. In the near horizon limit the number of supersymmetries gets enhanced 
from eight to sixteen | |133| , |134| . These symmetries fix the form of the effec- 



tive anti-de Sitter supergravity theory near the horizon. The bosonic symmetries 
^0(2,2) X SO{^)e = {SL{2,R) x SU{2)) x {SL{2,R) x SU{2)) form the bosonic 
symmetries of the anti-de Sitter supergravity in three-dimensions. Simple anti-de 
Sitter supergroups in three-dimensions were classified in ||135|| . It can be seen that 
the only simple supergroups whose bosonic part is SL{2, R) x SU (2) are Osp{3\2, R) 
and 5*^7(1, 1|2). The former contains the bosonic subgroup 0(3) x SL{2,R). The 
supercharges of the supergroup Osp{3\2, R) transform as the vector representation 
of the group 0(3), while the supercharges of the supergroup SU{1, 1|2) transform 
as 2 of the group SU{2). The unbroken supercharges of the D1-D5 system trans- 
form in the spinor representation of SO{A)e and therefore they transform as 2 
of SU{2). This rules out Osp{3\2, R). Therefore the near horizon anti-de Sitter 
supergravity is based on the supergroup SU{1, 1|2) x SU{1, 1|2) with matter fields 
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6.1 Classification of the supergravity modes 

In this section we analyze the spectrum of Type IIB supergravity compactified on 
AdS3 xS^x T\ From (|2T2| ) we see the volume of is 16M^Qi/Q5. Therefore 
we ignore Kaluza-Klein modes on the T'^. The radius of the is \/a'{geQiQ5y^'^. 
This is large when 

gsQi » 1 and ^.Qs >> 1 (6.1) 

These inequalities imply that we are working in the regime where closed string 
perturbation theory is valid and where all length scales are greater than the string 
length. Therefore we are justified in using supergravity. Kaluza-Klein reduction of 
type IIB supergravity to six dimensions leads to six dimensional (2, 2) supergravity. 



"'^'^The pure anti-de Sitter supergravity based on the super group SU{1, 1|2) x SU{1, 1|2) was 
constructed in |136 using the fact that it is a Chern-Sinions theory. 
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We show that the Kaluza-Klein spectrum of the six dimensional theory on AdS^ x 
can be completely organized as short multiplets of the supergroup SU{1, 1|2) x 
SU{1, 1|2). We will follow the method developed by ||. 

The massless spectrum of (2, 2) six-dimensional supergravity consists of: a 
graviton, 8 gravitinos, 5 two-forms, 16 gauge fields, 40 fermions and 25 scalars. 
Since these are massless, the physical degrees of freedom fall into various rep- 
resentations i?4 of the httle group S0{4:)l of R^^'^\ For example, the graviton 
transforms as a (3,3) under the little group 5*0(4)^ = SU{2)l x SU{2)^. On 
further compactifying i?^^'^) into AdS^^ x S*^, each representation i?4 decomposes 
into various representations i?3 of 5*0(3), the local Lorentz group of the S'^. This 
50(3) ~ SU{2) is the diagonal SU{2) of SU{2)l x SU{2)^. For example, the 
graviton decomposes as 1 -|- 3 -|- 5 under the 50(3), the local Lorentz group of 5^. 
The dependence of each of these fields on the angles of 5^ leads to decomposition 
in terms of Kaluza-Klein modes on the which transforms according to some 
representation of the isometry group 50(4) of 5^. Only those representations of 
50(4) occur in these decompositions which contain the representation i?3 of 5^. 
To be more explicit, consider the field 0RgQ^3j(xo, Xs, r, 6, 0, x) which transforms as 
some representation Rso{3) of the local Lorentz group of 5^. The Kaluza-Klein 
expansion of this field on 5^ is given by 

0Rso{3)(^o,a;5,r,^,0,x) = 'pRso(4)i^o,X5,r)Y^^^^^^^{e,^,x)- (6.2) 

Here ^ij^^(^(3^'(^5 0; x) stands for the spherical harmonics on S^. In the above expan- 
sion the only representation of Rso(4) allowed are the ones which contain Rsoi3)- 
For example, (/>(xo, x^, r, 9, (j), x) which is a scalar under the local Lorentz group of 
5^ can be expanded as 

0(xo,X5,r,^,0,x) = E 0mm'(a;o,X5,r)F(-'-')(^,0,x) (6.3) 

m,m'; m=m' 

Once the complete set of Kaluza-Klein modes are obtained we will organize them 
into short multiplets of the supergroup 5t/(l, 1|2) x SU{1, 1|2). 

Let us now consider all the massless field of (2, 2) supergravity in six- dimensions 
individually. The graviton transforms as (3, 3) of the little group in 6 dimensions. 
The Kaluza-Klein harmonics of this field according to the rules discussed above 
are 

(1,1) +2(2, 2) + (3,1) + (1,3) (6.4) 
+3 ©m>3 (m, m) + 2 ©rn>2 [ (m + 2, m) + (m, m + 2) ] 
+ ©in>i [ (m + 4, m) + (m, m + 4) ] 

The little group representations of the 8 gravitinos is 4(2,3) + 4(3,2). Their 
Kaluza-Klein harmonics are 

8[ (1, 2) + (2, 1) ] + 16 ©^>2 [ (m + 1, m) + (m, m + 1) ] (6.5) 



75 



+8 ©m>i [ (m + 3, m) + (m, m + 3) ] 

The Kaluza-Klein harmonics of the 5 two-forms transforming in (1,3) + (3, 1) of 
the httle group are 

10 ®m>2 (m, m) + 10 ®m>i [ (m + 2, m) + (m, m + 2) ] (6.6) 

The Kaluza-Klein harmonics of the 16 gauge fields, (2, 2) are 

16(1, 1) + 32 ©^>2 (m, m) + 16 ©^>i [ (m, m + 2) + (m + 2, m) ] (6.7) 

The 40 fermions 20(2, 1) + 20(1, 2) give rise to the following harmonics 

40 ©i„>i [(m,m+ 1) + (m + l,m)] (6.8) 

The 25 scalars (1,1) give rise to the harmonics 

25©^>i(m,m) (6.9) 

Putting all this together the complete Kaluza-Klein spectrum of type IIB on AdS^ x 
S'^ X yields 

42(1, 1) + 69(2, 2) + 48[ (1, 2) + (2, 1) ] + 27[ (1, 3) + (3, 1) ] (6.10) 
70 ©m>3 (m, m) + 56 ®m>2 [ (m, m + 1) + (m + 1, m) ] 
+28 ®m>2 [ (m, m + 2) + (m + 2, m) ] + 8 ©m>i [ (m, m + 3) + (m + 3, m) ] 
+ ©m>i [ (m, m + 4) + (m + 4, m) ] 

We now organize the above Kaluza-Klein modes into short representations of 
SU{1,1\2) X SU{1,1\2) 0. The short multiplet of SU{1,1\2) consists of the 
following states 

j Lq Degeneracy 

h h 2h + l , . 

h-1/2 h + 1/2 2{2h) ^ ' 

h-l h + l 2h-l 

In the above table j labels the representation of SU (2) which is identified as one 
of the S'f/(2)'s of the isometry group of S^. Lq denotes the conformal weight of the 
state. We denote the short multiplet oiSU{l, 1|2) x SU{1, 1|2) as (2h+l, 2h' + l)5. 
On organizing the Kaluza-Klein spectrum into short multiplets we get the following 

set 

5(2,2)5 + 6©„,>3(m,m)5 (6.12) 
©m>2[ (m, m + 2)s + (m + 2, m)s + 4(m, m + l)s + 4(m + 1, m)s ] 

Equation (|6.10| ) shows that there are 42(1, 1) 50(4) representations in the super- 
gravity Kaluza Klein spectrum. We know that one of these arises from the s-wave 
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of (755 from equation (|6.4|) . This is one of the fixed scalars. 16(1, 1) comes from 
the s- waves of the 16 gauge fields (the components along x^) as seen in equa- 
tion ( |6.7| ). The remaining 25 comes from the 25 scalars of the six dimensional 
theory. We would like to see where these 42(1, 1) fit in the short multiplets of 
SU{1, 1|2) X SU{1, 1|2). From equation ( |6.12| ) one can read that 20 of them are 



in the 5(2,2)5 with (j = 0,Lq = 1; j = 0,Lq = 1). 6 of them are in in 6(3, 3)s 
with (j = 0,Lq = 2; j = 0,Lq = 2). These correspond to the fixed scalars. Fi- 
nally, the remaining 16 of them belong to 4(2,3)5 + 4(3,2)5. 8 of them have 
(j = 0, Lo = 1; j = 0, Lo = 2) and 8 of them have (j = 0, Lq = 2; j = 0, Lq = 1). 
These scalars can be recognized as the intermediate scalars. 

Comparison of supergravity short multiplets with SCFT 

In Section |5!8| we have listed the complete set of short multiplets corresponding 
to single particle states of the Af = (4,4) SCFT on the orbifold Ai. Comparing 
equation ( ^.55| ) and the list of short multiplets of single particle states obtained 
from supergravity in ( 6.12| ) we find that they are identical except for the presence 



of the following additional short multiplets in the SCFT 

2(1, 2)5 + 2(2, 1)5 + (1, 3)5 + (3, 1)5 (6.13) 



These correspond to non-propagating degrees of freedom in the supergravity . 
Therefore they are not present in the list of short multiplets obtained form super- 
gravity ( 16.121) . Furthermore, note that in (|5.55|) we have ignored the contribution 
of short multiplets from the free which forms the part of the Higgs branch 
of the D1-D5 system. Thus the short multiplets in supergravity also ignores the 
contribution from the free torus. 

It is pertinent here to mention that the AdS/CFT duality for D1-D5 systems 
in theories with 16 supercharges were studied in [|137] , |138|| . These theories were 
obtained by considering various orbifolds of type IIB. 

6.2 The supergravity moduli 

In this section we will analyze in detail the massless scalars in the near horizon 
geometry of the D1-D5 system. Type IIB supergravity compactified on has 25 
scalars. There are 10 scalars hij which arise from compactification of the metric. 
i,j,k... stands for the directions of T^. There are 6 scalars bij which arise from 
the Neveu-Schwarz S-field and similarly there are 6 scalars b[j from the Ramond- 
Ramond 5'-field. The remaining 3 scalars are the ten-dimensional dilaton (piQ, the 
Ramond-Ramond scalar x and the Ramond-Ramond 4-form Ceysg- These scalars 
parameterize the coset 5*0(5, 5)/(5'0(5) x 50(5)). The near horizon limit of the 
D1-D5 system is AdS^, x 5^ x ( p. 701 ). In this geometry 5 of the 25 scalars become 
massive . They are the ha (the trace of the metric of which is proportional 
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to the volume of T^), the 3 components of the anti-self dual part of the Neveu- 
Schwarz 5-field 6~ and a linear combination of the Ramond-Ramond scalar and 



the 4- form ||114|| . The massless scalars in the near horizon geometry parameterize 
the coset ^0(5, 4)/(SO(5) x ^0(4)) p9| . 



As we have seen the near horizon symmetries form the supergroup SU{1, 1|2) x 
5'[/(l,l|2). We have classified all the massless supergravity fields of type IIB 
supergravity on AdS^ x xT^ ignoring the Kaluza-Klein modes on according 
to the short multiplets of the supergroup SU{1, 1|2) x SU{1, 1|2). The isometries 
of the anti-de Sitter space allow us to relate the quantum number Lq + Lq to the 
mass of the scalar field through the relation pO| . 



(6.14) 



h + h = l + Vl + m2 



Here m is the mass of the scalar in units of the radius of AdS^ and {h, h) is the 
eigenvalue of Lq, Lq under the classification of the scalar in short multiplets of 
5*^7(1,112) X SU{1,1\2). Thus the massless fields of the near horizon geometry 
of the D1-D5 system fall into the top component of the 5(2, 2)s short multiplet. 
We further classify these fields according to the representations of the 50(4)/, the 
rotations of the Xg, Xy, Xg, Xg directions. As we have mentioned before this is not 
a symmetry of the supergravity as it is compactified on T^, but it can be used to 
classify states. The quantum number of the massless supergravity fields are listed 
below. 



Field 


SU{2)i X SU{2)i 


SU{2)e X SU{2)j^ Mass 




(3,3) 


(1,1) 


06 


(3,1) + (1,3) 


(1,1) 


(1,1) 


(1,1) 


CLlX + (^2Cq7S9 


(1,1) 


(1,1) 


6+ 


(1,3) 


(1,1) 



(6.15) 



The linear combination appearing on the fourth line is the one that remains mass- 
less in the near-horizon limit. 06 refers to the six-dimensional dilaton. The 
SU{2)e X SU{2)j^ stands for the 50(4) isometries of the 5^ All the above fields 
are s-waves of scalars in the near horizon geometry. 

6.3 AdS3/CFT2 correspondence 

We have already seen in Section 6.3 that all the supergravity modes can be orga- 
nized as short multiplets of the SCFT on M.. This is evidence for Maldacena's 

121 |63l Pol for the case 



AdS/CFT correspondence. Maldacena's conjecture 
of the D1-D5 system states that string theory on AdS'i x S'^ x is dual to the 
1 + 1 dimensional conformal field theory of the Higgs branch of gauge theory of 
the D1-D5 system. Here we briefly review the evidence for this conjecture from 
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symmetries. To describe the D1-D5 system at a generic point in the moduh space 
we can use the Af = (4, 4) SOFT on the orbifold A4 x to describe the Higgs 
branch of the gauge theory of the D1-D5 system as we have argued in Section 4. 
Here the dynamics on is decoupled from the symmetric product. However in 
string theory on AdSs x x T^, all fields couple to gravity and no field is free. 
Thus in this case of the AdS/CFT correspondence we have to ignore the free torus 
T^. This is the same reason that the U{1) of the A/" = 4 super Yang-Mills theory 
with gauge group U{N) is ignored in the correspondence with string theory on 
AdS^ X S"^. The gauge group used in the correspondence is in fact SU{N) |[140| . 
The volume of is of the order of string length and radius of is large, therefore 
we can pass over from string theory on AdSs x x T'^ to six-dimensional (2, 2) 
supergravity on AdS^ x S^. We will compare symmetries in the supergravity limit. 
The identification of the isometries of the near horizon geometry with that of the 
symmetries of the SCFT are given in the following table. 



Symmetries of the Bulk 


Symmetries of SCFT 


(a) Isometries of AdS^ 


The global part of the Virasoro group 


S0{2, 2) ~ SL{2, R) X SL{2,R) 


SL{2,R) X SL{2,R) 


(b) Isometries of 


R-symmetry of the SCFT 


SO{A)e ^ SU{2) X SU{2) 


SU{2)r X SU{2)^ 


(c) Sixteen near horizon supersymmetries 


Global supercharges of A/" = (4, 4) SCFT 


(d) 50(4)/ of 


S0{4)i of 



To summarize the SU{1, 1|2) x SU{1, 1|2) symmetry of the near horizon ge- 
ometry is identified with the global part of the M = (4, 4) SCFT on the orbifold 
M. together with the identification of the 5*0(4)/ algebra of T"^ and T^. 



6.4 Supergravity moduli and the marginal operators 

We would like to match the twenty supergravity moduli appearing in ( |6.15| ) with 
the twenty marginal operators appearing in ( ^.19|) and (|5.29|) by comparing their 
symmetry properties under the AdS/CFT correspondence ||141|| . 



The symmetries, or equivalently quantum numbers, to be compared under the 
AdS/CFT correspondence are as follows: 

(a) The isometries of the supergravity are identified with the global symmetries 
of the superconformal field theory. For the AdS^ case the symmetries form the 
supergroup SU{1, 1|2) x SU{1, 1|2). The identification of this supergroup with the 
global part of the A/" = (4, 4) superalgebra leads to the mass-dimension relation 
( |b.l4 ). Since in our case the SCFT operators are marginal and the supergravity 



fields are massless, the mass-dimension relation is obviously satisfied. 

(b) The SU{2)e x SU{2)^ quantum number of the bulk supergravity field 
corresponds to the SU{2)r x SU{2)j^ quantum number of the boundary operator. 
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(6.16) 



By an inspection of column three of the tables in ( 5.19 ), ( 5.29 ) and (|6.15|) , we see 
that these quantum numbers also match. 

(c) The location of the bulk fields and the boundary operators as components 
of the short multiplet can be found by the supersymmetry properties of the bulk 
fields and the boundary operators. Noting the fact that all the twenty bulk fields as 
well as all the marginal operators mentioned above correspond to top components 
of short multiplets, this property also matches. 

(d) The above symmetries alone do not distinguish between the twenty opera- 
tors or the twenty bulk fields. To further distinguish these operators and the fields 
we identify the S'0(4)/ symmetry of the directions XQ,X'r,Xs,XQ with the 50(4)/ 
of the SCFT. At the level of classification of states this identification is reason- 
able though these are not actual symmetries. Using the quantum numbers under 
this group we obtain the following matching of the boundary operators and the 
supergravity moduli. 

Operator Field SU{2)j x SU{2)j 

dx^2iz)dx^Ai^) - \5'^dx\dx\ hij - \5ijhkk (3, 3) 

dx\{z)dx'l{z) 6^ (3,1) + (1,3) 

dx\{z)dx\{z) (f) (1;1) 

b± (1,3) 

T° aiX + 02^6789 (1, 1) 

Note that both the representations (1, 3) and (1, 1) occur twice in the above table. 
This could give rise to a two-fold ambiguity in identifying either (1,3) or (1,1) 
operators with their corresponding bulk fields. The way we have resolved it here is 
as follows. The operators and correspond to blow up modes of the orbifold, 
and as we will show in Section 7 that these are related to the Fayet-Iliopoulos 
terms and the ^-term in the D1-D5 gauge theory. Tuning these operators one can 
reach the singular SCFT ||1 14|| that corresponds to fragmentation of the D1-D5 
system. In supergravity, similarly, it is only the moduli bfj and aix + 020*6789 which 
affect the stability of the D1-D5 system ||114| , |142| , |119| |. As a result, it is bfj (and 
not b'jj) which should correspond to the operator and similarly aix + 0206789 
should correspond to T^. Another reason for this identification is as follows, bfj 
and aix + O2O6789 are odd under world sheet parity while b'jj and are even under 
world sheet parity. In a Z2 orbifolded theory there is a Z2 symmetry which can 
be used to classify the states ||143|| . Under this symmetry the Z2 quantum number 
of the twisted sectors is —1 and the Z2 quantum number of the untwisted sectors 
is +1. If under the AdS/CFT correspondence one can identify these Z2 quantum 
numbers in the boundary SCFT and the bulk then the correspondence we have 
made is further justified. 

Thus, we arrive at a one-to-one correspondence between operators of the SCFT 
and the supergravity moduli. 
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7. Location of the symmetric product 



In the previous section we have studied the moduh of the D1-D5 system in detail. In 



( |6.16|) we have listed all the supergravity moduli and their corresponding operators 
in the SCFT on Ai. The D1-D5 system is unspecified until all its moduli are given. 
In this section we will find the location of the free field orbifold JV = (4, 4) SCFT 
theory on Ai in the the D1-D5 moduli space. 

It is easy to see from the mass formula of the D1-D5 system, that the BI- 
DS system is marginally stable to decay. The mass per unit length of the D1-D5 
system is given by 

M = ^^iQ^+vQ,) (7.1) 



Here v is defined in (|2.69|) . Note that the above formula is linear in Qi and Q 



therefore it does not cost any energy for the D1-D5 system to decay to sub-systems 
with smaller values of Qi and Q^. But, when any of the moduli in ( |6.16| ) is turned 
on then the D1-D5 system is stable. In fact there is a binding energy which prevents 
its decay. To see this let us turn on one of the moduli in ( |6.16| ). Consider turning on 
the self-dual Neveu-Schwarz 5-field along the D5-brane direction. We can choose 
it to be given by 

/ 6 0\ 
-6000 



BjA = 



6 

V -6 ; 



(7.2) 



Here i,j runs from 6, ... 9. For convenience let the metric of on the T"^ be 6ij and 
V = 1. To demonstrate that there is a binding energy it is sufficient to consider 
the case of Qi = 1 and = 1. The mass of a single Dl brane is given by 

Similarly the mass of the D5 brane wrapped on with the B-field ( [7.2|) is given 

by 

It is easy to understand this mass formula from the Dirac-Born-Infeld action 

1 



S = — — -Jl)et{G + 27TB) (7.5) 



where G is the induced metric. Substituting the value of B from (|7.2| ) and the 
metric of the and expanding the Dirac-Born Infeld action in the static gauge 



12 



Here mass refers to mass per unit length 
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we obtain the mass for the D5 brane with the B-field as given by ( [7.4|) . The mass 
of the D1-D5 system with the B-field is given by ^ 



M = -^^iiQi + (1 - b')Q5y + 462Qi) (7.6) 

Here Qi and stand for the number of Dl and D5 branes respectively. Substi- 
tuting Qi = = 1 we get 

1 



The the binding energy is given by 

AM = (Mdi + Mds) - Mdi-d5 (7.8) 

It is easy to see this binding energy is positive One can repeat similar calcu- 
lations with the other moduli given in ( |6.16| ) and demonstrate the existence of a 
positive binding energy. This issue of the stability of the D1-D5 system with the 
various moduli turned on has been discussed in ||114| , p.l9| , |142| , p8| , |144 . 



It has been observed in ||114|| that the effective theory of a single Dl brane 
separating off the D1-D5 bound state is a linear dilaton theory. This was derived 
by studying the dynamics of a Dl brane close to the boundary of AdSs. In section 
7.1 we derive the effective theory of a set of qi Dl branes and D5 branes splitting 
of the D1-D5 bound state. The AdS/CFT correspondence suggests that this decay 
of the D1-D5 system should also be seen from the conformal field theory of the 
Higgs branch of the D1-D5 system. It is convenient to extract the dynamics of the 
decay from the D1-D5 gauge theory. In fact such a decay signals a singularity in 
the world volume gauge theory associated with the origin of the Higgs branch. The 
dynamics of the decay can be extracted from the D1-D5 gauge theory using the 
methods developed by ||145|| . In section 7.3 we extract the dynamics of the decay 



from the D1-D5 gauge theory and show that it is described by the same linear 
dilaton theory observed by | |114|| in supergravity. 



The singularity mentioned above leads to a singular conformal field theory. 
However, generic values of the supergravity moduli which do not involve fragmen- 
tation into constituents are described by well-defined conformal field theories and 
therefore string perturbation theory makes sense. We have seen in section p.6| that 



the important singularity structure of the Ai = (4, 4) SOFT on the orbifold Ad is 
locally of the type / Z2. The resolution of this singularity gives rise to marginal 
operators. An orbifold theory realized as a free field SOFT on /Z2 is nonsingular 
as all correlations functions are finite. The reason for this can be understood from 



-'^^If the NS B-field was anti-self dual then the binding energy is zero, and the D1-D5 system is 
marginally stable. 
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Linear sigma model (UV) 

e=7i e=o 



Marginal deformation T 
Non singular CFT 



Singular CFT 



SCFT (IR) 

Figure 4: Linear sigma model and CFT description of the R'^ /Z2 singularity 



the linear sigma model description of the IZ2 singularity which will be discussed 
in section |7]^. We will see that the though the singularity is geometrically 

singular the SCFT is finite because it corresponds to a non-zero theta term in the 
linear sigma model. The geometric resolution of this singularity corresponds to 
adding Fayet-Iliopoulos terms to the D-term equations of the linear sigma model. 
This deforms the / Z2 singularity to an Eguchi-Hansen space. In the orbifold 
theory this deformation is caused by the twist operator T^. The Eguchi-Hansen 
space is asymptotically /Z2 but the singularity at the origin is blown up to a 
2-sphere. One can use the SU{2)r symmetry of the linear sigma model to rotate 
the three Fayet-Iliopoulos terms to one term. This term corresponds to the radius 
of the blown up 2-sphere. The theta term of the linear sigma model corresponds 
to 5-fiux through the 2-sphere. The change of this S-fiux is caused by deforming 
the orbifold SCFT by the twist operator T°. Thus SCFT realized as a free field 
theory on the orbifold R^/Z2 is regular even though the 2-sphere is squashed to 
zero size because of the non-zero value of i?-fiux trapped in the squashed 2-sphere 



[ [146|| . We summarize this discussion in (Fig^). 

For most of our discussion we have assumed that the Higgs branch of the BI- 
DS gauge theory is a resolution M = (4,4) theory on Ai. Furthermore we have 
realized this theory as a free field theory with orbifold identification. This implies 
that we are at a point in the moduli space of the D1-D5 system at which the orbifold 
is geometrically singular but because of the non-zero value of the theta term the 
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SCFT is regular and not at the singularity corresponding to fragmentation. In 
other words, the orbifold SCFT corresponds to a bound state of Qi Dl branes and 
D5 branes (henceforth denoted as the (Qi, Q^) bound state). The supergravity 
solution ( p.70|) has no moduli turned on. This implies that the SCFT dual is 
singular and is far away in moduli space from the regular conformal theory on 
A4. But, the fact that we could show that the all the short multiplets of the 
supergravity modes on AdS^ x is in one-to-one correspondence with the short 
multiplets of the SCFT on Ai implies that these multiplets are protected from 
non-renormalization theorems. This will be discussed in detail in section 9. 

7.1 Dynamics of the decay of the D1-D5 system from gravity 

We consider a set of (gi, gs) test D-branes with qi, <^ Qi, close to the bound- 
ary of AdS^ but separated from the rest of the branes of the D1-D5 system. When 
the test branes are close to the boundary it is easy to see using the UV/IR corre- 
spondence that the the gauge group is broken to U (gi) x U (55) x U {Qi—qi) xU{Q — 
g5)from U{Qi) x U{Q^) in the IR. Thus we can extract the infrared dynamics of 
the decay of the D1-D5 system from gravity. 



Lets us first consider the case when = [|1 14|| . The AdS/CFT corre- 
spondence tells us that we need to consider gi Dl branes in the background of 
AdS^ X X T^. (We will work in the Euclidean AdS^ coordinates.) The ra- 
dius of and the anti-de Sitter space is given by tq = \fa\g\Q\Q'^^l ^ where 
Q'\ = Qi ~ Qi and Q'^ = Q5 — qi- For the supergravity to be valid we need to 
consider the limit tq ^ 0. Let us focus on the distance between the boundary of 
AdSs X X T'^ and the set of gi Dl branes. We are interested in the infrared 
description of the splitting process. By the UV/IR correspondence the Dl branes 
should be close to the boundary of the AdS^ x x to obtain the infrared 
description of the splitting process in the supergravity. We assume that the Dl 
branes are fixed at a particular point on the and the T^. The action of gi Dl 
branes in the background of AdS^ and the Ramond-Ramond two-form Bq^ is given 
by the DBI action. We can use the DBI action for multiple Dl branes as we are 
interested only in the dynamics of the centre of mass of thee collection of gi Dl 
branes. The DBI action of gi Dl branes is given by 



where a stands for the world volume coordinates and a,f3 label these coordinates. 
g^^^ is the induced metric on the world volume. B is the Ramond-Ramond 2- 
form potential. We chose a gauge in which the world volume coordinates are the 
coordinates of the boundary of the AdSs. Let the metric on the boundary be 
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We have called this quantity R = \fa'l in ( 2.73| ),(11.4); the rg here is not be confused with 



the non-extremality parameter, such as in (2.3£) 
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dafsio')- One can extend the metric Qapic) on the boundary to the interior of AdS^ 
in the neighbourhood of the boundary [ p.l4|| . This is given by 

2 

ds^ = ^ + ^^^(^^ t)da'^d(j'^) (7.10) 

with 

g^p{a, 0) = g^p{a), g^p{a, t) = g^p{a) - ^P^p + 0{f) + ... (7.11) 

Here gapP"^^ = R/2. R is the world sheet curvature. The global coordinates of 
Euclidean AdS^ is given by^^ 

ds"^ = rl{d(f)'^ + sinh^ 0dfi^) (7.12) 

where dQ"^ is the round metric on 5^. Near the boundary the metric is given by 

ds^ = r^idcP^ + ^dQ^) (7.13) 

Motivated by this we use (f) defined as t = 2e~'^ to measure the distance from the 
boundary of AdS^. Substituting the metric in ( 7.10|) and the near horizon value 
of the Ramond-Ramond 2-form and the dilaton in ( [7.9|) we obtain the following 
effective action of the Dl branes near the boundary. 

= ^ / ^ (s.^S> + 't>R-\R + 0(e-«)) 

Now consider the case when qi = 0. The gs D5 branes are wrapped on T'^. 
Therefore the world volume of the D5 branes is of the form M2 x where M2 is 
any 2-manifold. The D5 branes are located at a point on the S^. We ignore the 
fluctuations on as we are interested in the dynamics on AdS^. The DBI action 
of gs D5 branes is given by 

?5 



where is the Ramond-Ramond 6-form potential coupling to the D5 brane. Per- 
forming a similar calculation for the D5 branes and substituting the near horizon 
values of the 6-from Ramond-Ramond potential, the dilaton and the volume of T"^ 
one obtains the following effective actions for the D5 branes 



i^This can be obtained from ( P^ ,( |q!27| ) by defining r_i = ^ cosh./), (Fq, ^2) = 
lsmh(j)Cl, a £ S^, and then replacing the notation I by tq, see the previous footnote (ph- 
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For the case when 7^ and q's 7^ and we just add the contribution from 
( [7. 14|) and ( [7.16|) to obtain the effective action of the (gi,g5) string in AdS^. The 



reason we can do this is because there is no force between the test Dl and D5 
branes. Thus to the leading order in the total effective action of the {qi,q5) 
string near the boundary is given by 

S = ^^'Q'l^'Q'^^ I {d^ct>d-ct> + c^R- \r) (7.17) 

Rescaling so that the the normalization of the kinetic energy term is canonical 
one obtains a linear dilaton action with a back ground charge given by 



QsuGRA = p{qiQ'^ + gsQ'i) (7.18) 

To summarize, the effective dynamics of the {Qi-,Q^) D1-D5 system by decaying 
into {qiiQ^) branes is governed by linear dilaton theory with background charge 
given by ( [T.lSp . Note that the linear dilaton theory in (|7.17|) is strongly coupled 
at — s> 00, the boundary of AdS^. 

If a similar analysis is performed for the supergravity solution with the self dual 
NS -B-field turned on ( |2.48| ), one obtains a potential for the linear dilaton which 



prevents the coupling to grow to infinity at the boundary of AdS^ |8^. Thus the 
effective theory is non-singular in the presence of the NS 5-field. 

7.2 The linear sigma model description of /Z2 

The linear sigma model is a 1 + 1 dimensional U{1) gauge theory with (4, 4) super- 
symmetry [[147|| . It has 2 hypermultiplets charged under the U{1). The scalar fields 
of the hypermultiplets can be organized as doublets under the SU{2)r symmetry 
of the (4, 4) theory as 

X.= (;^i)a„dx.= (^|) (7.19) 

The y4's have charge +1 and the 5's have charge —1 under the U{1). The vec- 
tor multiplet has 4 real scalars yjj, i = 1,...,4. They do not transform under 
the SU{2)fi. One can include 4 parameters in this theory consistent with (4,4) 
super symmetry. They are the 3 Fayet-Iliopoulos terms and the theta term. 

Let us first investigate the hypermultiplet moduli space of this theory with the 
3 Fayet-Iliopoulos terms and the theta term set to zero. The Higgs phase of this 
theory is obtained by setting 0j and the D-terms to zero. The D-term equations 
are 

|Ai|2 + |A2p-|5i|2-|52p = (7.20) 
+ A2B2 = 
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The hypermultiplet moduli space is the space of solutions of the above equations 
modded out by the U{1) gauge symmetry. Counting the number of degrees of 
freedom indicate that this space is 4 dimensional. To obtain the explicit form of 
this space it is convenient to introduce the following gauge invariant variables 

M = A1B2 N = A2B1 (7.21) 
p = AiBi = -A2B2 

(7.22) 

These variables are not independent. Setting the D-terms equal to zero and mod- 
ding out the resulting space by U{1) is equivalent to the equation 

p2 + MN = 0. (7.23) 

This homogeneous equation is an equation of the space R'^ / Z2. To see this the 
solution of the above equation can be parameterized by 2 complex numbers {C-,v) 
such that 

P = iCr] M = C N = rf (7.24) 

Thus the point (C, rj) and (— C, —rf) are the same point in the space of solutions of 
( |7.23|) . We have shown that the hypermultiplet moduli space is i?^/Z2. 



The above singularity at the origin of the moduli space is a geometric sin- 
gularity in the hypermultiplet moduli space. We now argue that this singularity 
is a genuine singularity of the SCFT that the linear sigma model flows to in the 
infrared. At the origin of the classical moduli space the Coulomb branch meets 
the Higgs branch. In addition to the potential due to the D-terms the linear sigma 
model contains the following term in the superpotential^^ 

V = (|Ai|2 + + + \B2\^)iipl + ipl + ipl + ^l) (7.25) 

Thus at the origin of the hypermultiplet moduli space a fiat direction for the 
Coulomb branch opens up. The ground state at this point is not normalizable due 
to the non-compactness of the Coulomb branch. This renders the infrared SCFT 
singular. 

This singularity can be avoided in two distinct ways. If one turns on the 



Fayet-Iliopoulos D-terms, the D-term equations are modified to ||147|| 

\Ai\^ + 1^2!' - - \B2\^ = rg (7.26) 
AiBi + A2B2 = ri + ir2 



"'^^These terms can be understood from the coupling A^A'^x*X six dimensions, and recog- 
nizing that under dimensional reduction to two dimensions ipi^s appear from the components of 
in the compact directions. 



17. 



cf. Eqns. (4. 14), (4. 15), whose parameters (, Cc are related to the present parameters ri,r2, 



by r-g = C, 7-1 + ir2 = Cc 
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Where ri,r2,r3 are the 3 Fayet-Ihopoulos D-terms transforming as the adjoint of 
the SU{2)r. Now the origin is no more a solution of these equations and the 
non-compactness of the Coulomb branch is avoided. In this case wave-functions 
will have compact support on the Coulomb branch. This ensures that the infrared 
SCFT is non-singular. Turning on the Fayet-Iliopoulos D-terms thus correspond 
to the geometric resolution of the singularity. The resolved space is known to be 
I47|, |14tj|] described by an Eguchi-Hanson metric in which 2,3 parameterize a 



shrinking two-cycle. 

The second way to avoid the singularity in the SCFT is to turn on the theta 
angle 6. This induces a constant electric field in the vacuum. This electric field is 
screened at any other point than the origin in the hypermultiplet moduli space as 
the U (1) gauge field is massive with a mass proportional to the vacuum expectation 
value of the hypers. At the origin the U{1) field is not screened and thus it 
contributes to the energy density of the vacuum. This energy is proportional 
to 6"^. Thus turning on the theta term lifts the flat directions of the Coulomb 
branch. This ensures that the corresponding infrared SCFT is well defined though 
the hypermultiplet moduli space remains geometrically singular. In terms of the 
Eguchi-Hanson space, the ^-term corresponds to a flux of the antisymmetric tensor 
through the two-cycle mentioned above. 

The (4,4) SCFT on R^/Z2 at the orbifold point is well defined. Since the 
orbifold has a geometric singularity but the SCFT is non-singular it must corre- 
spond to the linear sigma model with a finite value of 9 and the Fayet-Iliopoulos 
D-terms set to zero. Deformations of the orbifold by its 4 blow up modes 

correspond to changes in the Fayet-Iliopoulos D-terms and theta term of the linear 
sigma model^^ The global description of the moduli of a A/" = (4, 4) SCFT on a 
resolved IZ2 orbifold is provided by the linear sigma model. In conclusion let 
us describe this linear sigma model in terms of the gauge theory of D-branes. The 
theory described above arises on a single Dl-brane in presence of 2 D5-branes. 
The singularity at the point ri,r2,r3,9 = is due to noncompactness of the fiat 
direction of the Coulomb branch. Thus it corresponds to the physical situation of 
the Dl-brane leaving the D5-branes. 

7.3 The gauge theory relevant for the decay of the D1-D5 system 

As we have seen in Section 5.6 the resolutions of the Af = (4,4) SCFT on Ai is 
described by 4 marginal operators which were identified in the previous subsection 
with the Fayet-Iliopoulos D-terms and the theta term of the linear sigma model 
description of the R^/Z2 singularity. We want to now indicate how these four 

i^If we identify the 5[/(2)/j of the linear sigma-model with Sm2)j of the orbifold SCFT, then 
the Fayet-Iliopoulos parameters will correspond to and the 0-term to T°. This is consistent 



with Witten's observation |113| that S0{4:)e symmetry of the linear sigma-model (one that 



rotates the 0i's) corresponds to the SU{2)fi of the orbifold SCFT. 
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parameters would make their appearance in the gauge theory description of the 
full D1-D5 system. 

Motivated by the D-brane description of the /Z2 singularity we look for the 
degrees of freedom characterizing the break up of {Qi^Q^) system to {qi^q^) and 
{Q'liQ'^) where Q\ = Qi — qi and Q'^ = Q5 — q^- Physically the relevant degree 
of freedom describing this process is the relative coordinate between the centre of 
mass of the (51,55) system and the {Q[,Q'^). We will describe the effective theory 
of this degree of freedom below. 

For the bound state {Qi,Q5) the hypermultiplets, x charged under the 
relative U{1) of U{Qi) x U^Q^), that is under the gauge field = Tr;7(Qj)(74^) — 
Ttu(^q^){A^). The relative U{1) gauge multiplet corresponds to the degree of free- 
dom of the relative coordinate between the centre of mass of the collection of Qi 
Dl-branes and D5-branes. At a generic point of the Higgs phase, all the x's 
have expectation values, thus making this degree of freedom becomes massive. This 
is consistent with the fact that we are looking at the bound state {Qi,Q5)- 

Consider the break up of the (Qi, Q5) bound state to the bound states (gi, gs) 
and {Q[,Q'^). To find out the charges of the hypermultiplets under the various 
f/(l), we will organize the hypers as 

\Xa'b Xa'b' J \^i(a'a) ^i(a'a') ) \ / 

where a, a runs from 1, . . . , gi, 6, 6 from 1, . . . , ^5, a'o! from 1, . . . Q'^ and 6', h' from 
1 . . . , Q5. We organize the scalars of the vector multiplet corresponding to the 
gauge group U{Qi) and U{Q^) as 

where m = 1, 2, 3, 4. 

Let us call the the U{1) gauge fields (traces) of U{qi), U (q^) , U (Q'l) , U{Q'^) 
as Ai, A5, A'^ respectively. We will also use the notation A± = Ai ± A^ and 
A'^ = ^1 ± ^5- 

As we are interested in the bound states (gi, gs) and {Q[, Q'^), in what follows 
we will work with a specific classical background in which we give vev's to the block- 
diagonal hypers Xab, Xa'fe', '5^/(1^), ^»{l'a') and kJ^V). Thes e vev 's are chosen so 
that the classical background satisfies the D-term equations ([4.13|) . 

The vev^s of the x's render the fields A_ and A'_ massive with a mass pro- 
portional to few's. In the low energy effective Lagrangian these gauge fields can 
therefore be neglected. In the following we will focus on the U{1) gauge field 
Ar = 1/2{A^ — A'_^) which does not get mass from the above few's. The gauge 
multiplet corresponding to Ar contains four real scalars denoted below by 
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These represent the relative coordinate between the centre of mass of the {qi,q5) 
and the {Q[,Q'r,) bound states. We will be interested in the question whether 
the 9?m's remain massless or otherwise. The massless case would correspond to a 
non-compact Coulomb branch and eventual singularity of the SCFT. 

In order to address the above question we need to find the low energy degrees 
of freedom which couple to the gauge multiplet corresponding to Ar. 

The fields charged under Ar are the hypermultiplets Xabh Xa'hi ^/(as')' ^i(a'a)' 
^/(S')' ^iib'b) and the vector multiplets , (p';^^''"^, <pf^^\ <p^^^'~K In order to find 

out which of these are massless, we look at the following terms in the Lagrangian 
of U{Qi) X U{Q^) gauge theory: 



L 


= Li + L2 + L3 + L4 




Li 






L2 






L3 


= Tr(|y<'>,y/"l|vf' 


yf>|) 




= Tr(|yf' ,yf'||y/=' 


yf'l) 



The terms Li and L2 originate from terms of the type |y4jvfXp where Am = (^^, 4>m) 
is the (4, 4) vector multiplet in two dimensions. The terms L3 and L4 arise from 
commutators of gauge fields in compactified directions. 

The fields Y are in general massive. The reason is that the traces yl^^ = 
Tt{Y^^^^-^), representing the centre-of-mass position in the of gi Dl branes, and 

yf^-* = Tr(Fj|)j)-,-)), representing the centre-of-mass position in the T'^ of Q'l Dl 
branes, are neutral and will have vev^s which are generically separated (the centres 
of mass can be separated in the torus even when they are on top of each other 
in physical space). The mass of Y^^^-,yY^^J,-^ can be read off from the term L3 

in ( [7. 291) , to be proportional to (y^^^ — y'^^^ Y Similarly the mass of ^/(^g/)) ^/(^i) is 
proportional to {y^^'> — y'^^^Y (as can be read off from the term L4 in ( |7.29| )) where 



1/*^^^ and y'^^^ are the centers of mass of the D5 branes and Q5 D5 branes along 
the direction of the dual four torus T^. (At special points when their centres of 
mass coincide, these fields become massless. The analysis for these cases can also 
be carried out by incorporating these fields in ( [7.33|) -( [r35D , with no change in the 
conclusion) The fields (f>^°'"'' , 4>'rn°''"' are also massive. Their masses can be read off 
from the Li in ( [7.29|) . Specifically they arise from the following terms 

Xa[b'^m <Pm Xa'^b' + XaiWm <Pm Xazb [(.60) 

where run from 1, . . . gi and a[ run form 1, . . .Q[. These terms show that their 
masses are proportional to the expectation values of the hypers Xah and Xa'i'- 
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Similarly the terms of L2 in (|7.29 



show that the fields 'P^m^'^' 4>^^''^ ^-^e massive with masses proportional to the expec- 
tation values of the hypers Xaa and Xa'v- the above equation hi take values from 
1, . . . , gs and h[ take values from 1, . . . , Q's- Note that these masses remain non-zero 
even in the hmit when the (gi, q^) and (Q'l, Q5) are on the verge of separating. 

Thus the relevant degrees of freedom describing the splitting process is a 1 + 
1 dimensional U{1) gauge theory of with (4,4) super symmetry. The matter 
content of this theory consists of hypermultiplets Xal' with charge +1 and Xa'l with 
charge —1. This theory consists of totally qiQ'^ + q^Q'i hypers. We define the 
individual components of hypers as the following doublets 



Xa'l = (7-32) 





Let us now describe the dynamics of the splitting process. This is given by analyz- 
ing the hypermultiplet moduli space of the effective theory described above with 
the help of the D-term equations: 

^ab'Kih' ~ ~" BvaBy^ + B^-^B^^, = (7.33) 

Aab'Bb'a — \'bBba' = 

In the above equations the sum over a, b, a', b' is understood. These equations are 
generalized version of ( [7. 201) discussed for the R^/ Z2 singularity in Section 4.1. At 



the origin of the Higgs branch where the classical moduli space meets the Coulomb 
branch this linear sigma model would flow to an infrared conformal fleld theory 
which is singular. The reason for this is the same as for the /Z2 case. The linear 
sigma model contains the following term in the superpotential 

V = {A^b'Al-,, + A^r^Alr, + Bb'-aB;,, + Bb-a'B;,,){^l + + + vl) (7.34) 

As in the discussion of the /Z2 case, at the origin of the hypermultiplet moduli 
space the flat direction of the Coulomb branch leads to a ground state which is not 
normalizable. This singularity can be avoided by deforming the D-term equations 
by the Fayet-Iliopoulos terms (cf. Eqns. ( |4.14| ),( ^rT5D and footnote ([T7|)): 



Aah'Kl' - Aa'lK'b - Bb'aBl,^ + Bba'B^^, = (7.35) 
Aab'Bb'a - A^ilBba' = Ti + IT 2 

We note here that the Fayet-Iliopoulos terms break the relative U{1) under discus- 
sion and the gauge fleld becomes massive. The reason is that the D-terms with the 
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Fayet-Iliopoulos do not permit all A, i?'s in the above equation to simultaneously 
vanish. At least one of them must be non-zero. As these A, 5's are charged under 
the U{1), the non-zero of value of A,B gives mass to the vector multiplet. This 
can be seen from the potential ( 7.34|) . The scalars of the vector multiplet becomes 



massive with the mass proportional to the vev's of A, B. Thus the relative U{1) is 
broken. 

The singularity associated with the non-compact Coulomb branch can also 
be avoided by turning on the 9 term, the mechanism being similar to the one 
discussed in the previous subsection. If any of the 3 Fayet-Iliopoulos D-terms or 
the 9 term is turned on, the flat directions of the Coulomb branch are lifted, leading 
to normalizable ground state is of the Higgs branch. This prevents the breaking 
up of the (Qi, Qb) system to subsystems. Thus we see that the 4 parameters which 
resolve the singularity of the M = (4, 4) SCFT on Ai make their appearance in 
the gauge theory as the Fayet-Iliopoulos terms and the theta term. 

It would be interesting to extract the singularity structure of the gauge theory 
of the D1-D5 system through mappings similar to ( |7.21| )- (|7.24|) ^^. 



The case (Q-\ , Q^) (Qi — 1, Qp,) + (1, 0).' splitting of a single Dl brane 

It is illuminating to consider the special case in which 1 Dl brane splits off 
from the bound state (Qi, Qs). The effective dynamics is again described in terms 
of a U{1) gauge theory associated with the relative separation between the single 
Dl-brane and the bound state {Qi — 1, Q5). The massless hyp ermultip lets charged 
under this U{1) correspond to open strings joining the single Dl-brane with the 
D5-branes and are denoted by 



X. = I ) (7.36) 



The D-term equations, with the Fayet-Iliopoulos terms, become in this case 

Q5 Q5 

(|A,f - |5fcf ) = rg, ^b'Bb' = n + tr2 (7.37) 

b'=l b'=l 

while the potential is 



V 



E (\Ab'\' + \Bb' 



i^l + + + ^l) (7.38) 



In this simple case it is easy to see that the presences of the Fayet-Iliopoulos terms 
in ( |7.37| ) ensures that all A, B's do not vanish simultaneously. The vev^s of A, B 



gives mass to the yj's. Thus the relative U{1) is broken when the Fayet-Iliopoulos 



19 



The singularity structure for a (7(1) theory coupled to N hypermultiplets has been obtained 
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term is not zero. The D-term equations above agree with those in ||114|| which 
discusses the sphtting of a single Dl-brane. It is important to emphasize that the 
potential and the D-term equations describe an effective dynamics in the classical 
background corresponding to the (Qi — 1, Q5) bound state. This corresponds to the 
description in ||114|| of the splitting process in an AdSa background which represents 



a mean field of the above bound state. 

7.4 Dynamics of the decay of the D1-D5 system from gauge theory 



We have seen in Section |7.3| that the effective theory describing the dynamics of the 
splitting of the (QijQs) system to subsystems {qi,q5) and {Q'lyQ'^) is (4,4), f/(l) 
super Yang-Mills coupled to qiQ'^ + q^Q'i) hypermultiplets. The SCFT which this 
gauge theory flows in the infra-red is singular if the Fayet-Iliopoulos terms and the 
theta term is set to zero. The description of the superconformal theory of the Higgs 
branch of a U{1) gauge theory with (4,4) supersymmetry and N hypermultiplets 
near the singularity was found in ||145|| . The Higgs branch near the singularity was 



expressed in the Coulomb variables. The SCFT near the singularity was derived 
using the R symmetry of the Higgs branch. It consists of a bosonic SU{2) Wess- 
Zumino-Witten model at level N — 2, four free fermions and a linear dilaton with 
background charge given by 




Q = \T^iN-l) (7.39) 



The central charge of this SCFT is 6(A^ — 1). Using this result for the U{1) theory 
describing the splitting we get a background charge for the linear dilaton given by 



QcaugeTheory = J ^, , T^l^lQ's + Q^Q'l " 1) (7-40) 

V Q'lVS + Q'svi 



For large Q'^ and Q'^ we see from the above equation and ( [7.18|) that QcaugeTheory = 

QsUGRA 

Consider the case of a single string splitting off the D1-D5 bound state, then 
the linear dilaton theory relevant for this decay has a background charge oi Q = 
\ -^{Q^ — 1). This effective theory is called the long string. On performing an 
S-duality transformation this long D-string turns into a long fundamental string. 
This argument demonstrates the existence of long fundamental strings in the S- 
dual of the near horizon geometry of the D1-D5 system. We will discuss these 
solutions in detail in section 10. 

7.5 The symmetric product 

From the arguments of this section we see that the free field orbifold conformal field 
theory on M. does not correspond to the D1-D5 system given by the supergravity 
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solution in ( |2.70 ). This solution does not have any moduli turned on. We saw 
in this section that in the absence of moduli the SCFT is singular. The effective 
theory near the singularities does not just depend on the product Q1Q5. For 
instance the theory near the singularity corresponding to the decay of a single Dl 
brane is characterized by a background charge of \J^{Q^ — 1). Thus it is not clear 
that whether the symmetric product moduli space is connected to this singular 
SCFT. 

In spite of this from the fact that the short multiplets of the SCFT on A4 agree 
with the supergravity modes on AdS^ x we see that at least for calculations 
involving correlations functions of the short multiplets we can trust the SCFT 
on the symmetric product A4. The reason for this is that correlations functions 
involving shortmultiplets are protected by non-renormalization theorems. 
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8. The microscopic derivation of Hawking radiation 



From section 5 and section 6 we have seen that there is a one-to-one correspondence 
of the supergavity modes and the short muhtplets of the N = (4, 4) SCFT on J^. 
In this section we use this fact to obtain a precise understanding of Hawking 
radiation from the D1-D5 system starting from the microscopic SCFT. 

As mentioned in the introduction after extracting out the low energy, degrees of 
freedom of the black hole the next step towards understanding Hawking radiation 
is to find the coupling of these degrees of freedom to the supergravity modes. This 
is given by a specific SCFT operator 0{z, z) which couples to the supergravity field 
in the form of the interaction 

Sir.t=f^J(fz(P{z,z)0{z,z) (8.1) 

where fi is the strength of the coupling. We have no first principle method of 
determining the operator corresponding O which couples with the supergravity 
mode as the microsopic theory is an effective theory. Therefore we appeal to 
symmetries to determine the operator. A coupling such as the one given in ( |8.1| ) 
can exist only if the operator O and the field have the same symmetries. The 
identification of the bulk and boundary symmetries of the D1-D5 system in section 



67^ enables the determination of the operator which couples to a given supergravity 
mode. Strictly speaking in the near horizon limit (|2.6.2| ) there is no coupling of 
the bulk to the boundary. Here, we will assume a' small but strictly not zero, so 
that we can discuss Hawking radiation. From the near horizon limit of the D1-D5 
black hole whose metric in 5-d is given in ( |2.42| ) we can infer that the black hole is 



an excited state of the Ramond sector of the same SCFT as that of the unexcited 
D1-D5 system. Therefore the coupling (|8.1| ) should be the same as that of the BI- 
DS system. The strength of the coupling /i is determined by comparing bulk and 
boundary two point function using the AdS/CFT correspondence for the D1-D5 
system. Once the interaction in is determined the calculation of Hawking 
radiation from the SCFT reduces to a purely quantum mechanical evaluation of a 
scattering matrix in the SCFT. 

In section 8.1 an 8.2 we identify the D1-D5 black hole as an excited state in 
the Ramond sector of the SCFT of the D1-D5 system. We show how the entropy 
of the D1-D5 black hole matches with this excited state in the SCFT. In section 
8.3 we determine the coupling of the minimal scalar corresponding to the metric 
fluctuation of the torus to the SCFT operator. In section 8.4 we review the formu- 
lation of the absorption cross-section calculation from SCFT as an evaluation of 
the thermal Green's function of the operators O corresponding to the supergravity 
field (f). We then evaluate the absorption cross-section from SCFT and show that it 
agrees with the one evaluated from supergravity including all the graybody factors. 
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In section 8.6 we address the Hawking radiation of fixed scalars from the SCFT 
point of view. We show that fixing the SCFT operators using symmetries resolves 



the disagreement observed in ||104|| between the 'effective string' calculation of the 
Hawking radiation and the supergravity calculation. Finally in section 8.7 we 
outline how Hawking radiation of the intermediate scalars also can be determined 
from the SCFT. 

8.1 Near horizon limit and Fermion boundary conditions 

The near-horizon geometry of the D1-D5 black hole is described in detail in Sec. 



2.6.'^ . We see from the remark (b) at the end of that section that the boundary 
condition for fermions in the BTZ case is periodic; this implies that the SCFT 
relevant for the D1-D5 black hole with Kaluza-Klein momentum = is the 
Ramond vacuum of the M = (4,4) SCFT on the orbifold Ai. The microscopic 
states corresponding to the general D1-D5 black hole are states with Lq ^ and 
Lq ^ excited over the Ramond vaccum of the JV = (4, 4) SCFT on the orbifold 
A4. In the AdS^ case, the fermion boundary condition is antiperiodic; therefore 
the appropriate SCFT is that of the NS sector. 

8.2 The black hole state 

As we have seen, the general non-extremal black hole will have Kaluza-Klein exci- 
tations along both the directions on the S^. In the SCFT on Ai, it is represented 
by states with Lq 7^ and Lq 7^ over the Ramond vacuum. The black hole is 
represented by a density matrix (cf. Eq. ( |1.14D ) 



The states \i) belongs to the various twisted sectors of the orbifold theory. They 
satisfy the constraint 

Lo = ^ Lo = ^ (8.3) 
Q1Q5 Q1Q5 

We have suppressed the index which labels the vacuum. Q is the volume of the 
phase space in the microcanonical ensemble. It can be seen that the maximally 
twisted sector of the orbifold gives rise to the dominant contribution to the sum 
in (|8.2| ) over the various twisted sectors. The maximally twisted sector is obtained 
by the action of the twist operator ^(<3iQ5-i)/2 ^y^q Ramond vacuum. From the 
OPE's in ( |5.39| ) we see that the twist operator ^('3iQ5-i)/2 introduces a cut in the 



complex plane such that 

X^ie'^'z, e'^^'z) = Xa+i{z, z) (8.4) 

Thus this changes the boundary conditions of the bosons and the fermions. Again 
from the OPEs in ( |5.39| ) one infers that the excitations like (901 1 ^(QiQ^-ij/s^^ ^^^^ 
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the maximally twisted sector have modes in units of l/QiQr>- A simple way of 
understanding that the maximally twisted sector has modes in units of ^/{QiQ^) 
is to note that the boundary conditions in ( ^.41 ) imply that z) is periodic with 

a period of 2'kQiQ^. This forces the modes to be quantized in units of l/iQiQ^^). 

We now show that the maximally twisted sector can account for the entire 
entropy of the black hole. The entropy of the D1-D5 black hole can be written as 



SsuGRA = 2tt^Nl + 2tt^Nr (8.5) 

Using Cardy's formula, the degeneracy of the states in the maximally twisted sector 
with Lo = Nl/QiQ^ and Zq = Nr/QiQ^ is given by 

n = e2-V^+2-v^ (8.6) 

By the Boltzmann formula, 

^(maximally twisted) = 2tx JnI + "^ttJ^ (8.7) 



Thus the maximally twisted sector entirely accounts for the D1-D5 black hole en- 
tropy. Nl and Nr are multiples of Q1Q5 due to the orbifold projection. Therefore, 
the entropy can be written as 



S = 2Tr^ NlQ^Q, + 2n^NnQ,Q, (8.8) 

With this understanding, we restrict the calculations of Hawking radiation and 
absorption cross-section only to the maximally twisted sector. The probability 
amplitude for the Hawking process is given by 

p = ^j:\{mntm' (8.9) 

where |/) denotes the final states the black hole can decay into. We have averaged 
over the initial states in the microcanonical ensemble. 

It is more convenient to work with the canonical ensemble. We now discuss 
the method of determining the temperature of the canonical ensemble. Consider 
the generating function 

Z = Tr^(e-^^^«e-^«-^«) (8.10) 

where the trace is evaluated over the Ramond states in the maximally twisted 
sector. Eq and Eq are energies of the left and the right moving modes. 

Eo = ^, Eo = ^ (8.11) 



From the generating function Z in ( ^.101 ) we see that the coefficient of e (i^LNL)/iQiQ5R5) 



and e (/5fl^«)/(QiQ5fi5) jg ^i^e degeneracy of the states with Lq = N^/QiQ^ and 
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Lq = Nr/QiQ^ corresponding to the D1-D5 black hole. A simple way to satisfy 
this constraint is to choose [3l and (3r such that Z is peaked at this value of Lq 
and Lq. 

Evaluating the trace one obtains 



n 



1 



n=l 



-(/3Ln)/(QiQ5i?5) 



-(/3iin)/(QiQ5i?.5)^ 
-{/3fl")/(QiQ5«5) 



Then 



InZ 



+4 



ln(l + e'^^-^^/'^i^s-Rs^ _ ^ _ ^-Phn/QiQ^Ri 

n=l n=l 

oo oo 

£ ln(l + e-^WQiQ5fl5) _ ^ i^^^ . 



-Pru/QiQ^Rs, 



.n=l 



n=l 



We can evaluate the sum by approximating it by an integral given by 



InZ = AQiQr^R^ / dx 



In 



1 + e 



1 



+ In 



1 _ e-/3fl^ 



(8.12) 

(8.13) 
(8.14) 

(8.15) 

(8.16) 



From the partition function in (|8.10|) we see that 

d\nZ (Nl) , d\nZ 

— 311(1 ■ — 

where (■) indicates the average value of A''^ and Nr. As the distribution is peaked 
at Nl and Nr we assume that {Nl) = Nl and (Nl) = Nr. Using ( ^.151 ) we obtain 

QiQ^R^Tc^ Nf. 



Thus 



PI 



1 

Tr = — 



Nl 
Q1Q5R5 



and 



PI 



Pl T^RbQiQb 



and To = —— 



Q1Q5R5 



(8.17) 



Pr nR^QiQz 



Above we have introduced a left temperature Tl and a right temperature Tr cor- 
responding to the left and the right moving excitations of the SCFT to pass over 
to the canonical ensemble. To see that the temperatures Tl,Tr defined here are 
the same as in ([4.29|) , note that the oscillator numbers Nl,Nr are Q1Q5 times 
the oscillator numbers that enter ( 4.29 ). The reason is that in ( [4.29 ) we defined 
Nl, Nr simply as the eigenvalues of Lq,Lq; in this secion we are working with the 
maximally twisted sectors which have fractional oscillator numbers, thus to reach 
the same energy we have to work with oscillator numbers which are Q1Q5 times 
larger. 

As mentioned before (cf. ([4.301) ) the temperature of the combined system 
(conjugate to El + Er), to be identified as the Hawking temperature, is given by 

1 



1/Th = - {1/Tl + 1/Tr) 



i.l9) 
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8.3 The coupling with the bulk fields for the D1-D5 black hole 

In section 6 we showed that there is a one to one map between the supergravity 
fields on AdS^ x and the short muhiplets of the Af = (4,4) SOFT on M. 
Therefore in principle we can determine O for each bulk field (p in (|8.1|) just by 
matching the symmetries of the operator and the field. But as we mentioned above 
that the black hole is represented by an excited state in the Ramond sector and not 
for the Neveu-Schwarz sector which corresponds to the AdS^ boundary conditions. 
The couplings determined in the Neveu-Schwarz sector of the SCFT do not change 
in the Ramond sector as interaction terms do not depend on whether one is in the 
Ramond sector or the Neveu-Schwarz sector. Therefore we can continue to use 
these couplings for the D1-D5 black hole. The scaling dimension of an operator is 
given by operator product expansions(OPEs) with the stress energy tensor. Since 
OPEs are local relations , they do not change on going from the Neveu-Schwarz 
sector to the Ramond sector, the same can be said of the R-charge of the operator. 
In section 8. we will see the calculation of Hawking radiation from the SCFT 
just depends on the scaling dimension and the R-charge of the operator. Since 
this is invariant whether one is in the Ramond sector or the Neveu-Schwarz sector 
the operator O is the same as the one identified using AdS^ as the near horizon 
geometry. 

8.4 Determination of the strength of the coupling /i 

Before we perform the calculation of Hawking radiation/absorption cross-section 
from the SCFT corresponding to the D1-D5 black hole it is important to determine 
the strength of the coupling /i in (|8.1|) . In this section we will determine /i for 
the case of minimal scalars In ( |6.16| ) we have identified the SCFT operator 



corresponding to these fields of the supergravity. The SCFT operator is given by 
0'^{z, z) = dx^iz, z)dx'2iz, z) - -J^dx\dx\{z, z) (8.20) 



Let us suppose the background metric of the torus is gij = 6ij. The interaction 
Lagrangian of the SCFT with the fiuctuation hij is given by 



5'int = fJ'Tcs j d^z hijdx\dx\ 



f8.211 



The effective string tension Teg of the conformal field theory , which also appears 
in the free part of the action 



So = %,Jd^z [9.x^9.x,. + fermions 



f8.22) 



has been discussed in [|101| , |1 1 1|| . The specific value of T^s is not important 



for the calculation of the ^-matrix for absorption or emission, since the factor just 
^"From now on hij will denote the traceless part of the metric fluctuations of T''. 
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determines the normalization of the two-point function of the operator 0'^^{z,z). 
In this section we will argue that the constant /i = 1. 

A direct string theory computation would of course provide the constant fi as 
well (albeit at weak coupling). This would be analogous to fixing the normalization 
of the Dirac-Born-Infeld action for a single D-brane by comparing with one-loop 
open string diagram ||1U9| |. However, for a large number and more than one type 
of D-branes it is a difficult proposition and we will not attempt to pursue it here. 
Fortunately, the method of symmetries using the AdS/CFT employed for deter- 
mining the operator O helps us determine the value of fi as well. For the latter, 
however, we need to use the more quantitative version |6^, ^ of the Maldacena 
conjecture. We will see below that for this quantitative conjecture to be true for 
the two-point function (which can be calculated independently from the Af = (4, 4) 
SCFT and from supergravity) we need /i = 1. 

We will see that the above normalization leads to precise equality between the 
absorption cross-sections (and consequently Hawking radiation rates) computed 
from the moduli space of the D1-D5 system and from semiclassical gravity. This 
method of fixing the normalization can perhaps be criticized on the ground that it 
borrows from supergravity and does not rely entirely on the SCFT. However, we 
would like to emphasize two things: 

(a) We have fixed = 1 by comparing with supergravity around AdSs background 
which does not have a black hole. On the other hand, the supergravity calculation 
of absorption cross-section and Hawking flux is performed around a black hole 
background represented in the near-horizon limit by the BTZ black hole. From 
the viewpoint of semiclassical gravity these two backgrounds are rather different. 
The fact that normalizing /i with respect to the former background leads to the 
correctly normalized absorption cross-section around the black hole background is 
a rather remarkable prediction. 

(b) Similar issues are involved in fixing the coupling constant between the elec- 
tron and the electromagnetic field in the semiclassical theory of radiation in terms 
of the physical electric charge, and in similarly fixing the gravitational coupling 
of extended objects in terms of Newton's constant. These issues too are decided 
by comparing two-point functions of currents with Coulomb's or Newton's laws re- 
spectively. In the present case the quantitative version of the AdS/CFT conjecture 
[ p^ , provides the counterpart of Newton's law or Coulomb's law at strong cou- 
pling. Without this the best result one can achieve is that the Hawking radiation 
rates computed from D1-D5 branes and from semiclassical gravity are proportional. 

We should remark that fixing the normalization by the use of Dirac-Born- 
Infeld action, as has been done previously, is not satisfactory since the DBI action 
is meant for single D-branes and extending it to a system of multiple D1-D5 branes 
does not always give the right results as we have seen in Section ^.7\ The method 
of equivalence principle to fix the normalization is not very general and cannot be 
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applied to the case of non-minimal scalars, for example. 

Let us now compare the two-point function for the minimal scalar hij deter- 
mined from the AdS/CFT correspondence and the SCFT to determine the normal- 
ization constant /i. We will discuss the more quantitative version of the AdS / CFT 
conjecture ^2], ^ to compare the 2-point correlation function of Oij from super- 
gravity and SCFT. 

The relation between the correlators are as follows. Let the supergravity La- 
grangian be 

(8.23) 

where we have only exhibited terms quadratic and cubic in the hijS. The coefficient 
h determines the propagator and the coefficient c is the tree-level 3-point vertex in 
supergravity. The coefficients h and c are local operators, h is the kinetic operator. 



The 2-point function of the Oj/s (at large QsQi-, gsQb) is given by |6^, ^ 
assuming Sirit given by (|8.21|) 



= 2{fiTcs)-'^ J d^xid^X2 [bij^i'j'{xi,X2)K{xi\zi)K{x2\z2)] , 
where K is the boundary-to-bulk Green's function for massless scalars p2| . 



(8.24) 



K{x\z) 



1 

IT 



{xl + i\z^ - z\^) 



8.25) 



We use complex z for coordinates of the SCFT, and ) for the Poincare 

coordinates of bulk theory. 

8.4.1 Evaluation of the tree-level vertices in supergravity 

We begin with the bosonic sector of Type IIB supergravity. The Lagrangian is (we 
follow the conventions of 



/ 



-^NS + -^RR 
1 



j d^W^ 



-2(f> 



R-4{d4>f + —{dBNs 



12 



(8.26) 



with k^Q = QAn'^ gla"^. We use M, ... to denote 10 dimensional indices, j, ... to 
denote coordinates on the torus T^, M, A^ ... to denote the remaining 6 dimensions 
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and . . . to denote coordinates on the AdSa. We have separately indicated the 
terms depending on Neveu-Schwarz Neveu-Schwarz and Ramond-Ramond back- 
grounds. 

Our aim will be to obtain the Lagrangian of the minimally coupled scalars 
corresponding to the fluctuations of the metric of the in the D1-D5 -brane 
system. We will find the Lagrangian up to cubic order in the near horizon limit. 
Let us first focus on J^s. We substitute the values of the background fields of the 
D1-D5 system in the Type JIB Lagrangian with the following change in the metric 
(cf. Eq. (P)) 

fhPS,, ^ fhP{S^J + K^). (8.27) 

where hij are the minimally coupled scalars with trace zero. These scalars are 
functions of the 6 dimensional coordinates. Retaining the terms upto 0{h^) and 
ignoring the traces, the Lagrangian can be written as 



» qMN 

J d^xy/^^^ [dMhijdNhij + dM{hikhkj)dNhij] (8.28) 



In the above equation we have used the near horizon limit and V4 is the volume 
of the T^. It is easy to see that to 0{h'^), the minimally coupled scalars do not 
mix with any other scalars. These minimally coupled scalars are all massless (see 
the first line in ( |6.15| )). Therefore to 0{h'^) they do not mix with any other scalars 
which are all massive. For our purpose of computing the two point function using 
the AdS/CFT correspondence it is sufficient to determine the tree-level action 
correct to 0{h'^). The metric Gmn near the horizon is (writing r for U in Eq. 
( p.71|) , and including a factor of a') 

ds" = ^{-dxl + dxl) + ^rfr^ + R^dnl (8.29) 
We make a change of variables to the Poincare coordinates by substituting 

R , . 

zo = — , zi = —, Z2 = — (8.30) 
r R R 



The metric becomes 



1 



ds^ = R^ — {dzl - dzl + dzl) + R^dVtl. (8.31) 



Zi 







Here R = Va'{giQiQ5y^^ is the radius of curvature of AdS^ (also of the S^) (see 
( p.73| )). For s- waves the minimal scalars do not depend on the coordinates of the 
S^. Finally, in Poincare coordinates /ns (correct to cubic order in h) can be written 
as 



NS = -^^'^53 / dh^g^'" [d^h,jd,hij + d^{h,khu,)d,hij] , (8.32) 
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where V^a = 27r^, the volume of a three-sphere of unit radius. 

Now we would like to show that to all orders in h, Irr = in the near horizon 
geometry. The relevant terms in our case are 



J d^^'x^H^f.oH^'^^. (8.33) 



We substitute the values of B due to the magnetic and electric components of the 
Ramond-Ramond charges and the value of G. The contribution from the electric 
part of B\ after going to the near- horizon limit and performing the integral over 
and is 



RVss J d^z^^^det{5ij + Kj) (8.34) 



The contribution of the magnetic part of B' in the same limit is 



i?Ks3 j d^z^/^^fd^t{6~Th~^ (8.35) 



We note that the contribution of the electric and the magnetic parts cancel giving 
no couplings for the minimal scalars to the Ramond-Ramond background. There- 
fore the tree-level supergravity action correct to cubic order in h is given by 



QiQz 
IGtt 



j d^z [d^hijdf^hij + d^{hikhkj)d^hij] (8.36) 



The coefficient QiQ^/ilQir) is U-duality invariant. This is because it is a 
function of only the integers Qi and Q^. This can be tested by computing the 
same coefficient from the Neveu-Schwarz/fundamental string background which 
is related to the D1-D5 system by S-duality. The Neveu-Schwarz/fundamental 
string back ground also gives the same coefficient. U-duality transformations which 



generate B^s backgrounds [^g] also give rise to the same coefficient. 



8.4.2 Two-point function 

The two-point function of the operator Oij can be evaluated by substituting the 
value of &jj,i'j'(xi, X2) obtained from ( |8.36| ) into ( |8.24D and using the boundary-to- 



bulk Green's function given in ( ^.251) . On evaluating the integral in (|8.24|) using 



formulae given in [150 , we find that 



{0,,{z)0,,iw)) = (^T,^)-\,S,y^j-^^ (8.37) 



This is exactly the value of the two-point function obtained from the SCFT de- 
scribed by the free Lagrangian (|5.1|) provided we put /i = 1. 



^^The cubic couplings of all fields in type IIB supergravity on AdS^ x xT'^ were determined 
in p9|. 
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We have compared the two-point function obtained from the supergravity cor- 
responding to the near horizon geometry of the D1-D5 system with no moduh to 
the orbifold SCFT. As we have argued before the orbifold SCFT corresponds to the 
D1-D5 system with moduh. Thus naively this comparison seems to be meaningless. 
On further examination we note that the coefficient in ( |8.24| ) was U-duality 

invariant. Since the D1-D5 system with moduli can be obtained through U-duality 
transformations we know that this coefficient will not change for the D1-D5 system 
with moduli. It is only the value of this coefficient which fixes /i to be 1. Thus the 
comparison we have made is valid. It is remarkable that even at strong coupling 
the two-point function of Oij can be computed from the free Lagrangian (|8.22|) . 
This is consistent with the non-renormalization theorems involving the A/" = (4, 4) 
SCFT which will be discussed in Section 9. 

The choice fj, = 1 ensures that the perturbation (|8.21|) of (|8.22|) is consistent 



with the perturbation implied in ( |8.27| ). We will see in the next section that this 
choice leads to precise equality between absorption cross-sections (consequently 
Hawking radiation rates) calculated from semiclassical gravity and from the BI- 
DS branes. The overall multiplicative constant Tes will not be important for the 
absorption cross-section calculation. This factor finally cancels off in the calcula- 



tion as we will see in Section 8.6 



Higher point correlations functions in the orbifold conformal field theory were 
determined in [151, 152|| using general methods of computing correlations functions 



of twist fields on symmetric product orbifolds developed by ||153| , |154 



8.5 Absorption cross-section as thermal Green's function 

Let us now relate the absorption cross-section of a supergravity fiuctuation 6(f) 
to the thermal Green's function of the corresponding operator of the A/" = (4, 4) 
SCFT on the orbifold Ai [ |155|] . The notation S(j) implies that we are considering 
the supergravity field to be of the form 

= 00 + fiS4> (8.38) 
where 0o represents the background value and ^ is the strength of the coupling. 



S = So + J d'z[(f)o + fi6(f)]0{z,z) 

(8.39) 

where 

S^o = So + J dh <PoO{z,z) (8.40) 
S^nt = ^^i I d^z 6^0{z,z) (8.41) 
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O is the operator corresponding to supergravity field (p. So is the Lagrangian 
of the SCFT which includes the deformations due to various backgrounds in the 
supergravity. For example, the free Lagrangian in ( p.22| ) corresponds to the case 
when the field aix + ^2(76789 in ( |6.15|) is turned on. 



We calculate the absorption of a quanta 6(j) = ksc"*^^' corresponding to the 
operator O using the Fermi's Golden Rule, is related to the five- dimensional 
Newton's constant and the ten-dimensional Newton's constant Gio as 



We see that k,^ is proportional to a ^. In the Maldacena limit ( 2.74 ) the coupling of 
the bulk fluctuation to the SCFT drops out. We retain this term for our absorption 
cross-section calculation. In fact we will see below that the absorption cross-section 
turns out to be proportional g^y/QiQ^a''^. 

In this computation of the absorption cross-section the black hole is represented 
by a canonical ensemble at a given temperature. The above interaction gives the 
thermally averaged transition probability V as 

V = Y: '^P.^f = f^'^Lt E '^{27rmp + - pf) I (/1 0(0, 0) |z) p (8.43) 

Here i and / refer to initial and final states respectively. Pi,Pf refers to the initial 
and final momenta of these states. L = denotes the length of the string and t 



is the time of interaction. As we have seen in Section 8^ , the inverse temperature 
(3 has two components (3l and Pr. The relation of these temperatures to the 
parameters of the D1-D5 black hole is 

(3l = ^ and (3r = ^ (8.44) 

The left moving momenta p+ and the right moving momenta p_ are in a thermal 
bath with inverse temperatures [3l and (3r respectively. (3-p is defined as (3-p = 
PlP+ + PbP-- Z stands for the partition function of the thermal ensemble. 
The Green's function in Euclidean time is given by 

g{-iT, x) = {0\-iT, x)O{0, 0)) = TT{pTr{0\-iT, x)O{0, 0)}) (8.45) 

where p = e~^'^ /Z. Time ordering is defined as Tj- with respect to — Imaginary (t). 
This definition coincides with radial ordering on mapping the coordinate (r, x) 
from the cylinder to the plane. The advantage of doing this is that the integral 



j dt dx e'^-^g{t - ze, x) = E ^-^{27, f5\p + p.-pf) \ (/|O(0, 0)^) 1^ (8.46) 
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The Green's function Q is determined by the two-point function of the operator O. 
This is in turn determined by conformal dimension {h, h) of the operator O and 
the normahzation of the two-point function. 

As we have to subtract out the emission probabihty we get the cross-section 

as 

aabsJ't = V{l-e-^-^) (8.47) 

where JF is the flux and V is given by ( |8.43| ). Substituting the value of V from 
( p.46| ) we get 

(Tabs = / dt dx{G{t - ie, x) - g{t + ie, x)) (8.48) 

In the above equation we have related the evaluation of the absorption cross- 
section to the evaluation of the thermal Green's function. Evaluating the integral 
one obtains 

'"'^'^ ^ T{2h)T{2h) 2 ^ ' 



2t^Tl' ' 2'kTr' 

where Co is the coefficient of the leading order term in the OPE of the two-point 
function of operator O. 

8.6 Absorption cross-section of minimal scalars from the D1-D5 SCFT 

In the previous section we related the thermal Green's function of the SCFT op- 
erator to the absorption cross-section. We will apply the results of the previous 
section for the case of the minimal scalars. We will consider the case of the minimal 
scalars corresponding to the fluctuation of the metric of T^. Let the background 
metric of the torus be Sij. Consider the minimal scalar h^j. We know the SCFT 



operator corresponding to this has conformal dimension (1, 1). From Section ^]4 
we know that /i = 1. The interaction Lagrangian is given by 

Sint = 2Tcs J d'^zhQjdx'\{z,z)dx\{z,z) (8.50) 

where we have set /i = 1. The factor of 2 arises because of the symmetric property 
of hQj. So is given by 

So = Tcff J d^zdx\{z, z)dx\{z, z) (8.51) 

Comparing with the previous section the operator O = 2Tef[dx\{z, z)dx\{z, z). 
For the absorption of a quanta of energy uj using (|8.49|) we obtain 

a, -o^2^2^2^^ exp(^/T^)-l 
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where we have L = 27ri?5, T = u), ( ^.421) for and ( ^.371) for Co- Comparing 



the absorption cross-section of the minimal scalars obtained from supergravity in 
( p:22|) with (|83^ ) we find that 

aahs{ SCFT) = (Jahsi Supergravity) (8.53) 

Thus the SCFT calculation and the supergravity calculation of the absorption 
cross-section agree exactly. As we have mentioned earlier, this implies an exact 
agreement of decay rates between SCFT and the semiclassical calculation. 

It is important to note that we have used the M = (4, 4) SCFT realized as 
a free SCFT on the orbifold A4 as the background Lagrangian 5*0. As we have 
said before, this SCFT is non-singular and therefore cannot correspond to the case 



of the D1-D5 system with no moduli. In Section |9.3.1| we have argued that the 
supergravity calculation of the absorption cross-section is independent of moduli. 
Therefore it makes sense to compare it with the SCFT result for the case with 
moduli turned on. In the next section we will show that the SCFT calculation is 
also independent of the moduli. 

Before closing this section, we should mention the semiclassical calculation of 
decay rates from BTZ black holes and its comparison to CFT [|156| , |157| |158|| . The 



greybody factor for BTZ black hole is connected with that for the D1-D5 black 
hole in 1^ M . 



8.6.1 Absorption cross-section for the blow up modes 

Another point worth mentioning is that the method followed above for the calcula- 
tion of the absorption cross-section from the SCFT can be easily extended for the 
case of minimal scalars corresponding to the four blow up modes. These minimal 
scalars are listed in the last two lines of ( |6.16[ ). They are the self-dual NS B- field 



and a linear combination of the Ramond-Ramond four form and the zero form. 
The operators for these scalars are the Z2 twists in the SCFT. Absorption cross- 
section calculations for these scalars cannot be performed on the 'effective string' 
model based on the DBI action. The simple reason being that these operators are 
not present in the 'effective' string model. Thus the 'effective' string model does 
not capture all the degrees of freedom of the D1-D5 black hole. 

8.7 Fixed scalars 

Out of the 25 scalars mentioned earlier which form part of the spectrum of IIB 
supergravity on T^, five become massive when further compactified on AdS^ x S^. 
There is an important additional scalar field which appears after this compact- 
ification: h^^. Let us remind ourselves the notation used for the coordinates: 
AdSs : {xo,X5,r), : (x, 6',0);T'* : {xq,Xj,Xs,Xq). r,x,0,4> are spherical polar 
coordinates for the directions xi, 0:2, Xs, X4. In terms of the D-brane wrappings. 
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the D5 branes are wrapped along the directions X5, xg, xj, xs, xg and Dl branes are 
ahgned along X5. The field /155 is scalar in the sense that it is a scalar under the 
local Lorentz group SO (3) of 5*^. 

In what follows we will specifically consider the three scalars 0io, ha and /iss. 
The equations of motion of these fields in supergravity are coupled and have been 
discussed in detail in the literature ||101| , |103| , |104| , |105| , |106|| . It turns out that the 
six-dimensional dilaton 06 = 0io ~ ha /A which is a linear combination of ha and 
010 remains massless; it is part of the twenty massless (minimal) scalars previously 
discussed. The two other linear combinations A and u are defined as (see case (2) 
after Eq. (p|)) 



A 



^55 



(8.54) 



A and z/ satisfy coupled differential equations. They can be decoupled 
following position independent linear transformation ||104|p ^. 



A = (cosa)0+ + (sina)0_ 
u = — (sinQ;)0+ + (cosq;)0_ 

where a can be found by solving the equation 

1 2 Q1 + VQ5 

tana = —;=— — 

tan a v3 - vQ^ 

Then 0-|- obey the following equations 



Q 



V2(r2 + Q|)2 



where uj is the frequency of wave and 

<5± 



3 1 V \ V V 



by the 
(8.55) 



^.56) 



(8.57) 



(8.58) 



These are examples of fixed scalars. The pick up masses in the background geom- 
etry of the D1-D5 system. To see this take the near horizon limit defined in (|2.69| ) 
in the equation ( ^.57| ), we get (see also ||161|| ) 



/2 







(8.59) 



^^We have set tq = in the equations in 1 104| as we are looking at the background corresponding 
to the D1-D5 system. 
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Note that this is the Klein-Gordan equation of a massive scalar in AdS^ with 
(mass)^ = 8 is units of the AdSs units. Further more since the equation for both 
and 0_ is identical in the near horizon limit the equation of motions of A and u 
become decoupled. They obey the massive Klein-Gordon equation in AdS^. The 
near horizon mass of A and u is = 8 in units of the radius of AdS^. 

Understanding the absorption and emission properties of fixed scalars is an 
important problem, because the D-brane computation and semiclassical black hole 



calculation of these properties are at variance [|103i |104|| . The discrepancy essen- 
tially originates from the 'expected' couplings of A and u to SOFT operators with 
(h,h) = (1,3) and (3,1) (see also ||101|| ). These SOFT operators lead to qualita- 



tively different graybody factors from what the fixed scalars exhibit semiclassically. 
The semiclassical graybody factors are in agreement with D-brane computations if 
the couplings were only to (2,2) operators. 

The coupling to (1, 3) and (3, 1) operators is guessed from qualitative reasoning 
based on the Dirac-Born-Infeld action. Since we now have a method of deducing 
the couplings to the bulk fieds based on near-horizon symmetries, let us use it in 
the case of the fixed scalars. 

(a) By the mass dimension relation (|6.14 ) we see that the fixed scalars A and 



u correspond to operators with weights h + h = 4. 

(b) The fixed scalars have SU{2)e x SU{2)^ quantum numbers (1, 1). 

As all the supergravity fields are classified according to the short multiplets 
of SU{1, 1|2) X SU{\, 1|2) we can find the field corresponding to these quantum 
numbers among the short multiplets. Searching through the short multiplets (see 
below ( |6.12| )), we find that the fixed scalars belong to the short multiplet (3,3)s 
of SU{1,1\2) X SU{\, 1\2). They occur as top component of (8,3)5. There are 
six fixed scalars in all. We conclude that the operators with (/i, h) = (1, 3) or 
{h, h) = (3, 1) (which were inferred by the DEI method) are ruled out by the 
analysis of symmetries. 

In summary, since the (1, 3) and (3, 1) operators are ruled out by our analysis, 
the discrepancy between the D-brane calculation and the semiclassical calculation 
of absorption and emission rates disappears. Using the coupling to (2, 2) operators 
as we derived above, we can compute aabs for fixed scalars using ( ^.49] ). This agrees 
exactly with the result ( p. 27] ). 

8.8 Intermediate Scalars 

We only make the remark that the classification presented in Section |6.1| correctly 
accounts for all sixteen intermediate scalars, and predict that they should couple 
to SOFT operators with {h, h) = (1, 2) belonging to the short multiplet (2, 3)5 or 
operators with {h, h) = (2, 1) belonging to the short multiplet (3, 2)^ (see below 
equation ( |6.12| )). This agrees with the 'phenomenological' prediction made earlier 
in the literature [ 162| . 
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9. Non-renormalization theorems 



Let us review the three major agreements between the M = (4, 4) SCFT on Ai and 
supergravity. We showed in section 6 that the spectrum of short multiplets of A/" = 
(4, 4) SCFT on Ai was in one to one correspondence with the supergravity modes in 
the near horizon geometry of the D1-D5 system. In sections 5 and 8 we saw that the 
entropy calculated from the microscopic SCFT agreed with that of the D1-D5 black 
hole. Finally in section 8 we have seen that the calculation of Hawking radiation 
from the SCFT agreed precisely with the semiclassical calculation including the 
gray body factors. 

In this section we will discuss the validity of these calculations both in the 
boundary SCFT and the bulk supergravity. The validity of the calculations per- 
formed on the conformal field theory side in general do not overlap with that 
on the supergravity. Conformal field theory calculations are performed using the 
A/" = (4,4) free orbifold theory on A4. In section 7 we saw that the SCFT corre- 
sponding to supergravity is singular and presumably involves a large deformation 
in the moduli space from the free orbifold conformal field theory. Therefore the 
calculations performed in supergravity are valid in the region of moduli space when 
the conformal field theory is singular. 

Let us compare the moduli space of deformations on the SCFT and the super- 
gravity. The supergravity and the SCFT moduli are listed in ( |6.16| ). They are in 



one to one correspondence. There are 20 moduli in all. On the supergravity side 
the moduh parameterize the homogeneous space = 5*0(4, 5) /SO (4) x S0{5)) 
139| , |114| , |119|| . On the SCFT Af = (4,4) supersymmetry highly constraints the 



metric on the moduli space to also be A4 [ 163 |. Therefore for every point on the 
moduli space of the SCFT there is a corresponding point on the SCFT. As we have 
seen in section 7 the D1-D5 supergravity solution and the free orbifold SCFT are at 
different points in the moduli space. Therefore it is natural to conclude that there 
are non-renormalization theorems that allow us to interpolate between the calcu- 
lations done using the free orbifold theory and supergravity calculations. In this 
section we will detail these non-renormalization theorems for the three calculations, 
the spectrum of short multiplets, the entropy and Hawking radiation. 

9.1 The spectrum of short multiplets 

Short multiplets in the SCFT are built on chiral primaries both for the left and 
right movers (see section |5.5| ). The chiral primaries satisfy a BPS bound. Their 
R-charge is the same as the conformal dimension. Thus their spectrum in in- 
dependent of any perturbation of the conformal field theory which preserves the 
A/" = (4, 4) supersymmetric structure |[L32| , |164]| The entire structure of short mul- 



tiplets is then dictated by the Af = (4, 4) SCFT algebra. Therefore the spectrum 



of short multiplets is invariant under deformations of the SCFT. In section p]H 
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the entire set of short multiplets was evaluated using the free orbifold theory on 
A4. This will remain invariant under deformations of this SCFT from the free 
orbifold point. A further piece of evidence that the shormultiplets structure does 
not change under derformations is that the number of chiral primaries which form 
the bottom component of a short multiplet can be counted in the case of SCFT on 
Ai using a topological partition function |165[| . This partition function is invariant 
under deformation of the SCFT. 



The short multiplet structure of the supergravity modes obtained in section 3.1 



ignored the winding and momentum modes on the torus. In fact the mass spectrum 
would not change if there were any metric deformation or Neveu-Schwarz S-field 
through the torus. These affect only winding and momentum modes on the torus. 
Thus the short multiplet structure of the supergravity modes presented in (|6.12|) are 
invariant under deformations of the moduli that involve the traceless components 
of the metric and the self-dual NS 5-field (|6.16| ). 

We have just demonstrated that calculation of the spectrum of short multiplets 
in the supergravity and the SCFT is independent of the moduli This allows us to 
compare the short multiplet spectrum on both sides and obtain agreement. 



9.2 Entropy and area 

As we have seen in section 8 the black hole is represented as a state with Lq ^ 
0, Lq 7^ over the Ramond sector of the SCFT. The entropy in the SCFT is cal- 
culated by evaluating the asymptotic density of states of with these values of Lq 
and Lq. The asymptotic density of states in a conformal field theory is given by 



Cardy's formula ||115|| . This depends on the level and the central charge of the 
conformal field theory. The central charge of a conformal field theory is indepen- 
dent of moduli. The Entropy is given by the logarithm for the asymptotic density 
of states. Therefore the entropy calculated from the SCFT remains invariant for 
various values of moduli. 

The Bekenstein-Hawking entropy in supergravity is evaluated in the five- dimensional 
Einstein metric and is equal to the area of the Horizon. From the equations of mo- 



tion of type IIB supergravity ||101|| , we can explicitly see that the five dimensional 



Einstein metric is not changed by turning on the sixteen moduli listed on the top 
three lines of ( |6.16|) . These are the traceless components of the metric, the self- 
dual NS 5-field along the torus and the six-dimensional dilaton. This can also 
be seen explicitly form the supergravity solution with moduli ( |2.48| ) constructed 
in [88|. Thus the area of the D1-D5 black hole does not change with moduli in 
supergravity. This ensures that the evaluation of the entropy from SCFT will agree 
with that in supergravity even though they are evaluated at different points in the 
moduli space. 
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9.3 Hawking radiation 

Before we discuss the dependence of Hawking radiation on the moduli let us exam- 
ine the various approximations made in the derivation of Hawking radiation both 
in supergravity and in SCFT. Recall that the semi-classical calculations of Hawk- 
ing radiation was done in the dilute gas limit (|3.9|) ro,r„ -C rijV^. We also made 
the approximation of low energies compared to the horizon radius ur^ <C 1. As 
the SCFT calculation relies very much on the near horizon limit and the enhanced 
symmetries near the horizon, one can ask the question whether in the near horizon 
limit the dilute gas approximation is obeyed. Let us convert ro,rn,ri,r^ to near 
horizon variables. 

f/osinhaa' (9.1) 

Now it is easy to see in the near horizon limit a' — > the dilute gas approximation 
always holds. 

We also use the low energy approximation in the SCFT calculation. In the 
microscopic calculations of Hawking radiation from the SCFT we restricted our 
attention to first order in perturbation theory. In fact we used the Fermi-golden 
rule to obtain the absorption cross-section in ( |8.9| ). It is easy to see that for the 
metric fluctuation the higher order terms in perturbation theory go in powers of 




,2^2 



wrK |p.66|| . Thus higher order terms in the SCFT calculation are suppressed due 



to the low energy approximation. 

In spite of the fact that the dilute gas approximation and the low energy 
approximation are made on both the supergravity and SCFT side the Hawking 
radiation calculation from the D1-D5 black hole in supergravity and the SCFT are 
done at different point in the moduli space. We now discuss why in spite of this 
they both agree. 

9.3.1 Independence of Hawking radiation calculation on moduli: Su- 
pergravity 



We recall that the D1-D5 black hole solution in the absence of moduli is ^1 
3^ obtained from the D1-D5 system by further compactifying on a circle of 
radius and adding left (right) moving Kaluza-Klein momenta along x^. The 
corresponding supergravity solution is given 

The absorption cross-section of minimal scalars in the absence of moduli is 
given by ( |3.22| ) . We will now show that the absorption cross-section remains 



unchanged even when the moduli are turned on. 



From the equations of motion of type IIB supergravity |101|, we can explicitly 



see that the five-dimensional Einstein metric dsl is not changed by turning on 
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the sixteen moduli corresponding to the metric Gij on and the Ramond-Ramond 
2-form potential B. As regards the four blowing up moduli, the invariance of dsl 
can be seen from the fact that turning on these moduli corresponds to S'0(4, 5) 
transformation (which is a part of a U-duality transformation) and from the fact 
that the Einstein metric does not change under U-duality. Now we know that the 
minimal scalars 0* all satisfy the wave-equation 

= (9.2) 

where the Laplacian is with respect to the Einstein metric in five dimensions. 
Since it is only this wave equation that determines the absorption cross-section 
completely, we see that aahs is the same as before. 

It is straightforward to see that the Hawking rate, given by ( p.25[) is also not 
changed when moduli are turned on. 

9.3.2 Independence of Hawking radiation on moduli:SCFT 

In this section we will study the independence of the Hawking radiation on D1-D5 
moduli. In Section 2 we have listed the twenty (1,1) operators Oi{z, z) in the SCFT 
based on the symmetric product orbifold }A which is dual to the D1-D5 system. 
Turning on various moduli 0' of supergravity corresponds to perturbing the SCFT 

S = S^ + Y.j(fz 4>'Oi{z,z) (9.3) 

i 

where 0* denote the near-horizon limits of the various moduli fields 0*. We note 
here that Sq corresponds to the free SCFT based on the symmetric product orbifold 
M.. As we have seen in section 7 that this SCFT is non-singular (all correlation 
functions are finite), it does not correspond to the marginally stable BPS solution 



originally found in ffl] , ^ Instead, it corresponds to a five- dimensional black hole 
solution in supergravity with suitable "blow-up" moduli turned on. 

Let us now calculate the absorption cross-section of a supergravity fluctuation 
50j to the thermal Green's function of the corresponding operator of the SCFT. 
The notation 5(j)i implies that we are considering the supergravity field to be of the 
form 

0^ = 0j, + /x50^ (9.4) 
where 0o represents the background value and /i is the strength of the coupling. 

S = So + J dh[^i + fi6^']Oi{z,z) 

(9.5) 

where 

S^, = So + J <fz 4^^0i{z,z) (9.6) 
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Sint = l-i dh S^'Oi{z,z) (9.7) 



As we have seen in the Section p.5| the absorption cross-section of the supergrav- 
ity fluctuation 50* involves essentially the two-point function of the operator Oi 
calculated with respect to the SCFT action S(f,g. Since Oi is a marginal operator, 
its two-point function is completely determined apart from a constant. Regard- 
ing the marginality of the operators Oi, it is easy to establish it upto one- loop 
order by direct computation {cijk = 0). The fact that these operators are exactly 
marginal can be argued as follows. The twenty operators Oi arise as top compo- 
nents of five chiral primaries. It is known that the number of chiral primaries with 
(jiJiJi?) = {rn,n) is the Hodge number /i2m,2n of the target space of the SCFT. 
Since this number is a topological invariant, it should be the same at all points of 
the moduli space of deformations. 

We showed in Section that if the operator Oi corresponding to hij is canon- 
ically normalized (OPE has residue 1) and if 50, is canonically normalized in su- 
pergravity, then the normalization of Sint as in ( |9.7D ensures that aabs from SCFT 
agrees with the supergravity result. The crucial point now is the following: once 
we fix the normalization of Sint at a given point in moduli space, at some other 
point it may acquire a constant (7^ 1) in front of the integral when Oi and 50j 
are canonically normalized at the new point. This would imply that aabs will get 
multiplied by this constant, in turn implying disagreement with supergravity. We 
need to show that this does not happen. 

To start with a simple example, let us first restrict to the moduli Qij of the 
torus T"^. We have 

S = [ d^zdx'dx^Qij (9.8) 



The factor of string tension has been absorbed in the definition of x*. 



In Section we had Qij = Sij + hij, leading to 

S = So + Sint 

So = J d^z dx'dx^ij 
S.nt = Jdh dx^dx^K, 

(9.9) 

In the above equation we have set = 1. As we have remarked above, this Sint 
gives rise to the correctly normalized (Jabs- 

Now, if we expand around some other metric 

gij=goij + hij (9.10) 

then the above action (|9.8|) implies 

S = Sgg + Sint 
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Sgg = J d^z dx^dx^ goij 
Sint = d^z dx^dx^hij 



(9.11) 

Now the point is that neither hij nor the operator O'^^ = dX^dX^ in Sint is canon- 
ically normahzed at Qij = goij. When we do use the canonically normahzed opera- 
tors, do we pick up an additional constant in front? 
Note that 

{0'^0'^)g, = gi,'gi'\z-w\-' (9.12) 

and 

{hij{x)hki{y))go = go,ikgo,ji'D{x,y) (9.13) 

where T>{x, y) is the massless scalar propagator 
This shows that 

Statement (1): The two-point functions of O^^ and hij pick up inverse factors 

As a result, S^t remains correctly normalized when re- written in terms of the 
canonically normalized h and O and no additional constant is picked up. 

The above result is in fact valid in the full twenty dimensional moduli space 
Ai because Statement (1) above remains true generally. 

To see this, let us first rephrase our result for the special case of the metric 



moduli (9^) in a more geometric way. The gi/s can be regarded as some of 
the coordinates of the moduh space 7V1 (known to be a coset S'0(4, 5)/(S'0(4) x 
5*0(5))). The infinitesimal perturbations hij,hki can be thought of as defining 
tangent vectors at the point go^ij (namely the vectors d/dgij, d/dgki). The (residue 
of the) two-point function given by ( |9.12| ) defines the inner product between these 



two tangent vectors according to the Zamolodchikov metric | |167| , |163| . 



The fact that the moduli space A4 of the Af = (4, 4) SOFT on AA is the coset 
5*0(4, 5) /(S'O (4) X 50(5)) is argued in | |163| |. If the superconformal theory has 



A/" = (4, 4) supersymmetry and if the dimension of the moduli space is d then it is 
shown in ||163|| that the moduli space of the symmetric the product SCFT is given 



by 

50(4) X SO{d/A) ^ ' 

As a simple check note that the dimension of the space is ( |9.14|) is d. The outline 
of the argument is a follows. An A/" = (4,4) SCFT has superconformal SU{2)r x 
5*^7 (2)ij symmetry. We have seen that the bottom component of the short multiplet 
which contains the marginal operator (2, 2)s transforms as a (2, 2) under 5[/(2)/jX 
SU{2)r. The top component which corresponds to the moduli transforms as a 
(1, 1) under the R-symmetry. The holonomy group of the Zamolodchikov metric 
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should leave invariant the action of SU{2)ii x SU{2)r. Then the holonomy group 
should have a form 

K d SU{2) X SU{2)x k d SO{d) (9.15) 

Then (|9.15| ) together with M = (4, 4) supersymmetry and the left-right symmetry 
of the two SU{2)ji^s of the SCFT fixes the moduli space to be uniquely that given 
in ( |9.14| ). We have found in Section 2 that there are 20 marginal operators for the 
A/" = (4, 4) SCFT on the orbifold Ai. Therefore the dimension of the moduli space 
is 20. Thus is given by 

M= ^"'^■'> (916) 
S0(4) X S0(5) ^ ' 

Consider, on the other hand, the propagator (inverse two-point function) of 
hij,hki in supergravity. The moduli space action of low energy fluctuations is 
nothing but the supergravity action evaluated around the classical solutions go^ij. 
The kinetic term of such a moduli space action defines the metric of moduli space. 
The statement (1) above is a simple reflection of the fact that the Zamolodchikov 
metric defines the metric on moduli space, and hence 

Statement (2): The propagator of supergravity fluctuations, viewed as a matrix, 
is the inverse of the two-point functions in the SCFT. 

The last statement is of course not specific to the moduli gij and is true of all 
the moduli. We find, therefore, that fixing the normalization of Smt ( |9.7|) at any 
one point 0o ensures that the normalization remains correct at any other point 
0Q by virtue of Statement (2). We should note in passing that Statement (2) is 
consistent with, and could have been derived from AdS/CFT correspondence as 
applied to the two-point function. 

Thus, we find that aabs is independent of the moduli, in agreement with the 
result from supergravity. 
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10. strings in AdS^ 



The AdS/CFT correspondence g^, ^ ^ for the case of the D1-D5 system 

states that type IIB string theory on AdS^ x x is dual to the 1 + 1 dimen- 
sional conformal field theory of the Higgs branch of the gauge theory of the D1-D5 
system. In our study of the bulk geometry we have worked only in the supergravity 
approximation of string theory on AdS^ x S^. To fully explore the AdS / CFT corre- 
spondence for the D1-D5 system we need to understand string propagation in the 
bulk geometry. String theory on AdS^ x 5*^ x involves Ramond-Ramond fluxes 
through the S^. Progress in formulation of string propagation in Ramond-Ramond 
backgrounds for the case of AdS^ have been made in ||168|, |169|, ffTO, |171|, |172|, |173 



Unfortunately, these models have been difficult to quantize and results have been 
hard to obtain. It is more convenient to study string theory on the background 
which is S-dual to the D1-D5 system. The near horizon geometry of the S-dual is 
also AdS^, X X but with Neveu-Schwarz H-fiuxes through the 5*^ and AdS^. 
String propagation on this dual background can be quantized. It also provides an 
exact string background in which the metric goo is non-trivial. An important result 
from the study of strings in Ad S3 has been in understanding the role of long strings 
in the spectrum. We saw in section 7 that there exists long Dl brane solutions 
near the boundary of AdSs. Therefore, in the S-dual geometry this would mean 
that there exists long fundamental strings. These strings have been constructed 
as classical solutions and also have been identified in the full quantum spectrum 
174|, |175||. They play an important role in constructing a consistent spectrum of 



strings in Ad S3. 

In this section 10.1 we will introduce the S-dual of the D1-D5 system. We 
then formulate string propagation on AdS^, and study its spectrum in section 10.2. 
Our discussion will be based on ||174|| . To understand the essential aspects of the 
spectrum it is enough to focus on the AdS^ part of the geometry, we also restrict 
our discussion to bosonic strings in AdS^. In section 10.3 briefiy review string 
propagation in Euclidean AdS^ which was initiated in [ 139|] . We then write down 
the long string solution in Euclidean AdS^ and discuss its symmetries | |114[ . Finally 
in section 10.4 we discuss string theory on thermal AdS^ backgrounds. The one 
loop free energy of a gas of strings in AdSs was evaluated in [|175|| . It was shown to 
be modular invariant and the space-time spectrum read off from it matched with 



the proposal for the spectrum in ||174|| 



We just mention two topics which we will not have the time to review. For a 
discussion of correlation functions for string theory on AdS^ and their role in the 



AdS/CFT correspondence see ||176|| and references there in. Branes in AdS^ has 
been extensively studied for a recent work see ||177|, IT73] and references there in. 
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10.1 The S-dual of the D1-D5 system 

Let us consider the S-dual of the D1-D5 whose metric is given in ( |2.24| ). S-duahty 
takes — ^ —0, — > Bj^s and ds^ e~'^ds'^. Performing these operations on 
the supergravity solution given in ( 2.24| ) along with a rescaling of the coordinates 
by (coordinates are rescaled to keep the 10-dimensional Newton's constant 
invariant) we obtain 



ds' = fii-dt' + dxl) + U{dxi + ■ ■ ■ + dxi) (10.1) 

4). 



Bo, = liK' - 1), 

Habc = T^^abcdddfb, «5 b,c,d= 1, 2, 3, 4 



2 



where g'^ = I/Qs and 



/i = l + /5 = l + -f^. (10.2) 



Here I4' refers to the volume of the measured in the scaled coordinates. From 
the Neveu-Schwarz fluxes it is now easy to see that this system is the supergravity 
solution of Q5 Neveu-Schwarz branes with Qi fundamental strings smeared over 
the four torus T"^. 

Let us now take the near horizon limit of this solution. This is given by 

a' ^0, — = U = flxed (10.3) 
a 

V g' 
^' = i« 4 /2 = fi^^^' 96 = ^ = fixed 

Under this scaling limit the metric given in ( 10.1|) reduces to 

dU'^ 

ds^ = a'U^Q^i-df + dxl) + a'Qs^ + a'Q^dn"^ (10.4) 



{dx^ + ■ ■ ■ dxg) 



Qi 

How = a'Q^U, 

Here we have rescaled coordinates t and x^ by ^jQiQ^g'i- Thus the near horizon 
geometry of Qi fundamental strings and NS branes is AdS^ xS^xT^ with Neveu- 
Schwarz fluxes. The radius of is y/Q^a'. Note that the near horizon geometry 
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depends on Qi only through the string couphng constant which is proportional to 
the ratio Q1/Q5. 

It is convenient to study string propagation on this geometry as it consists only 
of Neveu-Schwarz fluxes. We will restrict out attention to string propagation only 
on the AdS^ part of the geometry. Strings on with H flux through the sphere 
is an SU{2) WZW model at level Q^, while strings on is a free field conformal 
theory. We refer to these conformal field theories as the internal conformal field 
theory. To simplify the discussion we will study only bosonic strings on AdS^. 

10.2 String propagation on AdS^ 

String propagation on AdS^ with H flux is an exact conformal field theory AdS^ 
is a SL{2, R) group manifold. To see this consider the SL{2, R) group element 
parameterized by 

g = exp ^^-^cr2^ exp(pa3) exp ' ^^^'^^ 

where cXi are the Pauli matrices. We use the following generators for the SL{2, R) 
Lie algebra 

T^ = -ia^ T^ = lia'±^a,). (10.6) 
Then the metric on the SL{2, R) group manifold is given by 

g,, = ^TT{g''d^gg~'d,g), (10.7) 

where fi, v are indices referring to p, t, 0. Evaluating the metric using the parame- 
terization given in ( |10.5|) we get 

ds^ = - cosh^ pdf + dp^ + sinh^ (10.8) 

which is the metric on AdS'i expressed in the global coordinates {t,(p,p) (|C.6|) . 
Thus string propagation on AdS^ can be expressed in terms of the WZW action 
given below 

S = ^ f dx^dx-Tiig-'d+gg-'d-g) + / Tr(..=^). (10.9) 

Here M is the embedding of the world sheet into the group manifold AdS3 and 
is any 3 dimensional manifold whose boundary is M and u = g~dg the Maurer- 
Cartan 1-form. The second term is called the Wess-Zumino term. We have used 
Minkowski signature on the world sheet and = r ± a, where r and a are the 
world sheet time and position coordinate. As a check on the action compare the 
H field in (|10.4|) and the one induced by the Wess-Zumino term. It is easily seen 
that both are proportional to the volume form on AdS^. 
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Classical solutions 

Now that we have the action of strings in AdS^ we obtain the form of the 
classical solutions. The equations of motion derived form the action in ( |10.9[ ) is 
given by 

d-{d+gg-^) = 0. (10.10) 
Thus a general solution of this action is given by 

g = g+{x+)g4x-) (10.11) 

It is thus easy to construct classical solutions. Consider the following solution 

g^{x+) = e"^^^ g4x-) = e"^"" (10.12) 



For this solution we have g = e "^"^ . From the parametrization of the group 
element in ( |10.5 ) we see that the solution is a timelike geodesic with p = 0, = 



and t = ar. Note that the solution does not have a dependence, therefore it 
represents a particle trajectory. Space like geodesies can also be constucted. The 
solution 

^+(x+) = e—^ 9~{x~) = e— ^ (10.13) 

represents a spacelike geodesic with g = e"^°"^. From ( p.0.5 ) we see that the trajec- 
tory is given by p = ar which is space like. 

It is interesting to note that there is a symmetry which allows the generation 
of new solutions given one solution. The transformation 

9+ = e^^-^^'^^^+ g^ = e^^-^"-^+ (10.14) 



where ^+ and ^_ are the old solution is also a solution. From (|10.5| ) we see that 
this acts on t and (p as 

t^t + UT (t)^(t) + uja (10.15) 

The periodicity of the string worldsheet under a ^ a + 27r is obeyed. This trans- 
formation is called spectral flow. It stretches the geodesic in the t-direction gives a 
dependence to the geodesies. In fact now the solution represents a string winding w 
times around the centre p = of AdS^. The spectral flow of timelike geodesies are 
called short strings, their energy is bounded from above. While the spectral flow 
of spacelike geodescis are called long strings, their energy is bounded from below. 
Thus long strings are like scattering states while short strings are like bound states 



in AdSs ||174||. These long strings as we will see in section 10.4 are the duals of the 



long D-strings discussed in section 7. 
Symmetries of the SL(2, R) WZW action 

The WZW action has an infinite set of conserved charges given by 

J: = QJ -^e'-^^TiiT^d^gg-^) = qJ e'^-^-^iiT^d^gg-') 

Jo Jo zTi 

(10.16) 
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They obey the commutation relations 



fj+ J- 
I'^n ; "m 



(10.17) 



There is a similar set of commutation relations for the right movers J". Using the 
Sugawara construction one can define the Virasoro generators, they are given by 



Q5-2 



^{JqJq + Jq Jq) {Jq 



3\2 



(10.18) 



m=l 

00 



n—m'^m 



7" 7+ — 2 7'' 7'' 

n—m m n—m m/ 



Q5 ' ^ rn=l 

These generators obey the Virasoro algebra with the central charge given by 

3Q5 



(10.19) 



10.3 Spectrum of strings on AdS^ 



From the fact that WZW action admits the SL{2, R) current algebra we see that 
the physical spectrum of a string in AdS^ must be in unitary representations of the 
current We construct the unitary representation of the SL{2, R) current algebra by 
first constructing unitary representation of the global part of the SL{2,R). This 
is given by 



\P T 



■± 



-2Jl 



(10.20) 



From this algebra we see states are classified by the eigen values of Jq which we 
denote by m and j which is related to the Casimir C2 = \{Jq Jq + Jq Jq) — (JoY 
by C2 = - 1). 

Unitary representations of SL{2, R) fall in five classes 

1. Identity: 

The trivial representation |0). This representation has j = 0,m = and 
Jo±|0) = 0. 



2. Principal discrete representations (lowest weight): 
These are representation of the form 



{\j;m) ■.m = j,j + lJ + 2 ■■■}, 



(10.21) 



23 



See [179 1 for a review. 
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Here \j',j) is annihilated by Jq . The tower of states over \j;j) is built by 
the repeated action of Jq . The norm of these states is positive and the 
representation is unitary if j is real and j > 0. j is restricted to be half 
integer if we are considering representation of the group SL{2,R), however 
for the universal cover of SL{2, R) which is our interest, j can be any positive 
integer. 

3. Principal discrete representations (highest weight): 
These are representation of the form 

VJ = m):m = -j, -j - 1, -j - 2, ■ ■ ■}, (10.22) 

where \j',j) is annihilated by Jq). The representation has positive norm and 
is unitary if j is real and j > 0. This representation is the charge conjugate 

4. Principal continuous representations: 
A representation is of the form 

= {\j,a;m) ■.m = a,a±l,a±2,---} (10.23) 

Without loss of generality, we can restrict < a < 1. The representation 
has positive norm and is unitary if j = 1/2 + is where s is real. 

5. Complementary representations: 
These are of the form 

= {\j,a;m) ■.m = a,a±l,a±2,-- ■}, (10.24) 

Again without loss of generality we can restrict < a < 1 The representation 
has positive norm and is unitary if j is real and j{l — j) > a{l — a). 

Among these representations, we restrict to those which admit square inte- 
grable wave functions in the point particle limit. As AdS^ is non-compact, square- 
integrability refers to delta function normalizable wave functions. This imposes 
the restriction j > 1/2 It is known that C"^^/2+is ® ^^=i/2+is ^^'^ '^f ® '^f 
with j > 1/2 form the complete basis of square integrable wave functions on AdS^. 
So it is sufficient to work with these representations only. Let us call a unitary 
representation of SL{2, R) with this restriction as H. 

Now that we have the unitary representation of the global part of the current 
algebra we can obtain the unitary representation of the SL{2, R) current algebra by 
considering Ti. as its primary states which are annihilated by J^, J^ where n > 0. 

^■*This condition is also the condition for the Brcitcnlohncr-Frcedman bound |180[ on which 
states the mass of a scalar in AdS^ is given by = j(i ^ 1) > ~j- 
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Then the full representation is obtained by the action of J^, with n < on 7i. 
We denote this full representation by and C'^=i/2+is- general, representation 
of the SL{2, R) current algebra contains negative norm states. String theory on 
AdSs is consistent if one can remove these negative states by imposing the Virasoro 
constraint on the Hilbert space for a single string state. If we consider the bosonic 
string theory on AdS^ then the Virasoro constraint is given by 

(i^total _ 5^ [Physical) = 0, 71 > 0, (10.25) 

Here L^"^'^'^ refers to the Virasoro generator of the c = 26 conformal field theory 
including the SL{2, R) WZW model. It has been shown that there are no negative 
norm states for Vf with < j < k/2 and Cf^^/^+is (See |181], |T82|, [T7| for a list 
of references). 

In | |1 74| | it was seen that the SL{2, R) WZW model admits a symmetry given 

by 

3 ~3 

= -\- —w6n,0, Jji — Jn-w^ Jn ~ '^n+wi (10.26) 

where w is any integer. The map of J's to J's preserves the commutation relations 
( 110.171 ). The Virasoro generators I/„ can be found using the Sugawara construction 
and they are related to L„'s by the map 

Ln = Ln- WJI - ^W^6n. (10.27) 

This symmetry of the SL{2, R) WZW model is called spectral flow. It is the 
same symmetry as the one which allowed the generation of new classical solutions 
from old ones in section 10.2. This can be seen easily by computing the change 
in the stress energy tensor and the SL{2,R) generators under the map ( |10.14|) . 



They are identical to ( |10.27| ) and ( |10.26| ) respectively. The spectral flow maps one 



representation to another. For the case of a compact group like SU{2) it does 
not generate a new representation, but for the non-compact group SL{2, R) it 
generates new representations. Let us call the resulting representations f)^'^ and 
where j denotes the SL{2,R) spin before the flow. The representations 
obtained by the spectral flow also have negative norms states. It has been shown 
in [|174|| , that there are no negative norm states for representation obtained from 
spectral flow for 1/2 < j < {k - l)/2. 

Now we have the ingredients to state the proposal for the spectrum of strings 



on AdSs [|174|] . The spectrum consists of two kinds of representations, the spectral 
flow of the continuous representation with the same amount of spectral flow on 
the left and right C'^/2+is l ® r ^lo^g with the spectral flow of the discrete 



representations V-^ ®V-. ^. The value of j is restricted to be 1/2 < j < (A; — 1)/2. 
These representations should be tensored with the representations of the internal 
CFT which contributes to the net central charge. We then have to impose the 
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Virasoro constraints. The expressions for the energy and the virasoro constraints 
for both the discrete and the continuous representation are given in ||174|| . This 
proposal was verified in ||175|| by reading out the spectrum from the modular in- 
variant one-loop partition function in thermal AdS^ background. The discrete and 
continuous states obtained form the one-loop partition function was in agreement 
with the above proposal. We will review |175|| in section 10.5. 

10.4 Strings on Euclidean AdS^ 

In this section we formulate string theory on Euclidean AdS^, we denote Euclidean 
AdS^ by H (see Appendix C). Again we will restrict our attention to a single 
Poincare patch in H. Consider the following coordinate redefinition of the coordi- 
nates in the Euclidean version of ( |10.4| ) 

U = e'^ -f = it + X5 ^ = -it + X5 (10.28) 

Then the metric on H becomes (cf. ( |U.35|) with h = e"*^) 

ds^ = l\d(j)^ + e^'^d^d'y) (10.29) 

Here = a'Q^. The value of the B-field can be read out again from ( |10.4|) and is 
given by 

B = t^e^^d-i A ^7 (10.30) 

The B-field is necessary for worldsheet conformal invariance. The B-field in Eu- 
clidean AdS^ is imaginary. We work with a Euclidean worldsheet theory. This 
makes the contribution of B-field to the world sheet Lagrangian real. The world 
sheet action is given by 

72 . 

S = / d^z{d(t)d(t) + e^'^d-fdj) (10.31) 

zna' J 

Let us write this action in a more convenient form. Introducing auxiliary fields f3 
and P of weights (1, 0) and (0, 1) we can write the action as 

;2 . 

S = / d^z{d(t)d(t) + /?57 + j3d^ - e-^'^PP) (10.32) 

zna' J 

Integrating out the auxiliary fields /3 and /3 in the above equation we obtain (|10.31|) . 
Scaling (j) so that it has the canonical normalization and taking into account of the 
measure we obtain. 



S = — [ dh ( (9050 - —Rcj) + pd-f + pd^ - /3/3exp(-— 0) I (10.33) 
47r J V Qi_|_ a-i- / 



Here a+ = y/2Q^ — 4 and R is the world sheet curvature. Notice that the coefficient 
of the exponent has been renormalized. The action becomes free at ^ oo which 
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is near the boundary of AdS^. The world sheet propagators of the fields in ( [I0.33 ) 



are 

(0(z)0(O)) = - log \z\' {mim = - (10.34) 

This action ( |10.33|) admits a SL{2, R) x SL{2, R) current algebra. This represen- 
tation of the SL{2, R) current algebra is called the Wakimoto representation |p.83| . 
The holomorphic currents are given by 

= Pl + -jdcj) (10.35) 

J- = 13 

Similar definitions for the antiholomorphic currents exist. The modes of these 
currents generate the SL{2, R) current algebra given in (|10.17|) with the same 
central charge as given in ( |10.19|) . 

10.4.1 The long string worldsheet algebra 

We now derive the worldsheet degrees of freedom of the long string solution in 
H . Using supersymmetry one can derive the worldsheet theory of the long string 
exactly, unlike our classical analysis in section 7.1. We will follow the discussion 
given in [ p.l4|| . The long string solution in the static gauge is given by [|114| , |139| , |174 | 



'y{z,z) = z, 'y{z,z) = z (10.36) 



The ghosts corresponding to 7 and 7 decouple ||114 . Thus the bosonic worldsheet 



degrees of freedom of the long string will be the coordinate characterizing its 
radial position in H, the coordinates on the sphere 5*^ which forms an SU (2) current 
algebra j", a = 1,...,3 and the coordinates of T^. The 4 fermionic partners of the 
coordinates on with the bosons form a A/" = (4, 4) superconformal algebra with 
central charge 6. The superpartners of the coordinate (p and the SU{2) current 
algebra j"" of the sphere S"^ 4 free fermions S'^ with /i = 1, ... ,4. From the fact 
that the radius of is Q5 the we know that the SU{2) current algebra is at level 
— 2 These arguments lead us to the following operator product expansions 
among the fields 

Sf'(z)S''(w) = — ^ (10.37) 
z — w 

1 



d(f){z)d(j){w) 



{z — w) 



2 



2{z — wY {z — w) 



25 



The shift in the level is because we have used decoupled fermions (see for instance in |184]) 
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To keep our discussion less cumbersome we have ignored the anti-holomorphic 
fields. As the space time preserves 16 supersymmetries we should construct out of 
these field an A/" = (4, 4) superconformal algebra. It is known [|184| , |114|| that the 
following construction has the required properties of the long sting. 



(10.38) 



Q5 



V5 



'-dSf" 



These generators form an A/" = (4, 4) superconformal algebra given in ( p.2| ) with 
the following definition for the two component super charge in (|5.2| ) 



= {G^+iG\G^ 
The following points are worth noting 



tG' 



(10.39) 



1. Note from the definition of the stress energy tensor that the field (/> is a linear 
dilaton with background charge Q = ^J^iQ^ — 1)- This is precisely the 
background charge of the linear dilaton theory for the case of a single Dl 
brane splitting off the D1-D5 bound state (see below (|7.40| )). 

2. The central charge of this algebra is Q{Q5 — 1) and not 6, as one would have 
expected if this algebra was describing the spacetime geometry 

3. Note also that the R-symmetry generators in ( |10.38| ) involve the bosonic 
fields which corresponds to the symmetry of S^. This is a characteristic 
of the Higgs branch ||113[ . 

10.5 Strings on the thermal AdS^ 

To discuss thermal boundary conditions on AdS^ it is convenient to parameterize 
Euclidean AdS^ using the following coordinates 

^ = ve'^ 7 = ve'^ (10.40) 

In terms of these new coordinate the metric on H becomes (see ( [10.29| ),( p.35|) ) 

ds"^ = f{d(p'^ + (dv + vd<p){dv + vd<p)) (10.41) 

The worldsheet action with the B-field given by ( |10.30| ) is 



^ / d'^z{d(f)d(f) + {dv + d(f)v){dv + dcjjv)) 



(10.42) 
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Thermal AdS^ is then defined by the following identifications (see Appendix C.4) 



-1/1(3 



(10.43) 



V ^ ve 



Here (5 is the inverse temperature and fi is the chemical potential. 

We now set up the one-loop evaluation of the partition function on H [|175|] . 
From this it is easy to evaluate the space time free energy and thus determine the 
spectrum of strings in AdS^. We have to evaluate the path integral on a torus 
with modular parameter r. The conformal field theory consists of the worldsheet 
Lagrangian (|10.42|) with the identifications (|10.43|) , the b c ghosts and an internal 
conformal field theory. Let the partition function of the internal conformal field 
theory be given by 

(10.44) 



^M = (ggr^E^(^>%V 



where q = e^'^*'^, D{h, h) is the degeneracy of the state with weight {h, h). Putting 
this partition function and that of the b, c ghosts together we get 



Z(/?,/i) 



/3(fc 



X J2m=l 



/o°° ^ !-{% rfrie^^-(^^^) Enrk D{K h)q'q' (10.45) 



|sinh(m/3/2)|2 



n 



'11 — 1 ^-^ gm/3 + 27ri?iT^ g — m/3 + 27ri?iT J 



where (3 = f3 + ifif3. 

From the one-loop partition function it is easy to extract the spacetime free 
energy F, which is given by Z{(3,fi) = —f3F. One can rewrite the free energy as a 
sum over states in the single particle string Hilbert space Ti 



r"^ stringSW 



string 



string 







(10.46) 



where -^string and /string are the energy and angular momentum of the string state. 
One can compare ( |10.45| ) and (|10.46|) and show that the spectrum is precisely the 
one proposed by ||174|| which was discussed in section 10.3. 
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11. Applications of AdS3-CFT2 duality 



The microscopic derivation (Section 8) of Hawking radiation from the D1-D5 black 
hole shows that the microstates of the black hole are to be identified with states of 



the "boundary CFT". One way to understand this is to note that ^ in the 
black hole description (large 'tHooft coupling QsQ) the propagation of closed string 
quanta in the curved geometry (see Section 3) consists of (a) free propagation in the 
asymptotically flat region and (b) propagation in AdSs geometry (throat region); 
in the weak coupling description the closed string quanta (a') propagate freely in 
fiat space and (b') occasionally interact with the D1-D5 system which, for the 
low energy scales associated with Hawking quanta, is described by a CFT. Since 
we are describing the same physical process as (a)+ (b) at strong coupling and 
as (a') + (b') at weak coupling and since (a) is clearly equivalent to (a'), we say 
that (b) is equivalent (dual) to (b'). That is, as seen by a closed string probe, 
supergravity in AdSs is equivalent to the CFT of the D1-D5 system. This was 
indeed the reasoning behind the discovery of the AdS/CFT duality p2 |. 

While the above equivalence gives us important insight in the context of the full 
geometry including the asymptotically fiat part, the equivalence between asymptot- 
ically AdSs spaces and the boundary CFT2 has a number of important applications. 
This subject has been discussed in fair amount of detail in Our discussion 

here should be regarded as complementary to it; we will focus here mainly on (a) 
thermodynamics and phase transitions in AdSs and (b) black hole formation by 
particle coUision. We will begin with (a). 



11.1 Haw king-Page transition in AdSs 



In the context of fiat space, it is well-known ||3^, p.85|| that a thermal state in fiat 
Minkowski space, no matter how low the temperature, is unstable to formation of 
a black hole: 



• For a fiat space with infinite volume, the mass of a thermal state is infi- 
nite; therefore the state will gravitationally collapse to a black hole. The 
conclusion remains true even if one restricts to a large but finite volume. 

• Furthermore, because of the negative specific heat implied by T = 1/ (87r GM) 
(Eq. (|1.2|) ), a black hole can only be in an unstable equilibrium with radiation 
at the same temperature (in a sufficiently large volume to keep the temper- 
ature constant). Any fluctuation resulting in an increase of the black hole 
mass would reduce its temperature below that of its surroundings, causing 
more absorption than emission so that the black hole continues to grow. This 
implies a breakdown of the canonical ensemble. 
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As found in [|186|| , the situation is different in an AdS space. Let us write tlie 
metric of AdSg as (see ( gTTD , (IOTD ) 



2 2 



(11.1) 



and that of BTZ as (see (glT^) ,(^J^)) 



ds' 



J_ 



dt^ + 



'2 J ■ 



dr^ + r\^dt+d(f)? (11.2) 



where M and J refer to the mass and angular momentum of the BTZ black hole 
(J < M). The arguments of ||186|| , applied to the present case, state that a thermal 
state describing radiation in AdSs at a finite temperature has a finite mass. For 
/ ^ 1 the energy density of radiation is given approximately by the formula p oc 
where T is the locally measured temperature T = To(l + |j)~^''^ which, for r ^ I, 
goes as T oc 1/r. The total energy is given by the integral M ^ J I dr dipp which is 
clearly finite since p oc at large distances r. Thus, unlike in flat space, thermal 
radiation in AdSs can be a stable configuration, if its (free) energy is less than that 
of a black hole at the same temperature (see below). 

We will also see below that the BTZ black hole has a positive specific heat 
(see, e.g. the formula for the temperature (|C.45D ), unlike the Schwarzschild black 
hole. Thus a stable equilibrium between a BTZ black hole and radiation in AdSa 
is possible; a fluctuation resulting in an increase of mass of the black hole increases 
its temperature above that of the radiation, causing more emission than absorption 
by the black hole, thus restoring its energy back to the equilibrium value. 

Euclidean Free energy from supergravity 



As we argued in Section 2, the AdSs and BTZ spacetimes ( |ll.l| ),( |rL2|) (times 
X K) are near-horizon limits of solutions of type JIB supergravity (namely the 
D1-D5 string and the D1-D5 black hole). In fact they are exact solutions of type 
JIB supergravity in their own right. Stated differently, AdSs and BTZ are solutions 
of three-dimensional supergravity obtained by a Kaluza-Klein reduction of type IIB 
theory on x K. 

Let us elaborate this a bit more. The action for pure anti-de Sitter super- 
gravity, based on the super group SU{1,1\2) x S'?7(l,l|2) (see Section 6), in a 
three-dimensional spacetime with cosmological constant A = < 0, is given 

by (see [|T36|, |T87i^ ^6 



see 



S 



1 



IGTrCg^ 



d'x [eR+-e- e'^^^V'M^^.V'p - 8/6^^^^(49,4 - 



^^Recently the three-dimensional iS'0(4) gauged supergravity which provides the couphng of 
the pure anti-de Sitter supergravity based on the supergroup SU (1, 1|2) x SU{1, 1|2) to the lowest 
matter multiplets including the massless scalar fields has been constructed in ||l8^ 
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^4^Mp) - ^"'^"^V^'^^; + ^le'^^'^K^.K - ^K^W') ](ii-3) 



Here G^"* is the three-dimensional Newton's constant, and = d,y + uoabul"'^ — 
ea,7V(2/) - 2Ata* and = d^ + uJabul^V^ + ea.7V(2/) - 2A'>\ The basic fields 
appearing in the Lagrangian are the vielbein e^, '?/'p, A^, and A'^. The cu's are 
spin connections. 

As we remarked before ( |11.3D , the same three-dimensional supergravity can be 
obtained from type IIB string theory compactified on i^' x S*^ (with constant fiux 
on S^). This identifies the cosmological constant and Newton's constant in terms 
of type IIB parameters and the parameters of compactification (cf. Eqn. ( p.73| )): 

Gn (11-4) 
,4_ levrWiQs 



where V4 is the volume of and Qs is the string coupling (we are working in the 
units a' = 1). 

From our remarks above, it is obvious that AdSa and BTZ are solutions of 
( |11.3 ). We will now use this supergravity Lagrangian to calculate the Euclidean 
free energy. Our method will be similar in spirit to that of p8| , |186| , |189|| . The 



presentation will more closely follow ||190| , pO| , |191 



Let us recall that the free energy of AdSs supergravity is given by 



^sugra 



[fields] exp[— S'^;] 



:ii.5) 



where Se is the Euclidean version of the action written in (|11.3|) . 

Boundary Conditions: 

In the above equation, a denotes boundary conditions that define the func- 
tional integral. The semiclassical evaluation of the functional integral is performed 
by summing over the saddle point configurations which satisfy the given boundary 
conditions. 

The boundary conditions are specified as follows: 



1. Asymptotically AdSa Euclidean metrics satisfy the boundary condition: 



ds 



2 r— »oo 



dr'^/r'^ + r'^\d(t) + idt\ 



where 0, t satisfy the periodicity conditions: 

(h + it = d) + it + 27r(r2 + mr) 



;ii.6) 



:ii.7) 
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This defines the (conformal) boundary of the space to be a torus with modular 
parameter r. 

For Euchdean AdSs, Eqns. ( |C.24|) , (|C.32|) imply that the modular parameter 
for the boundary torus is 

r = i/3/(27r), /? = 1/T - i$ (11.8) 

where the complex temperature f3 (see (|C.33|) relates to a partition function 
of the form Trexp[— i7/T + z$J]. 

For Euclidean BTZ, on the other hand, Eqns. ( |C.37| ), ( p.44| ) imply that the 
modular parameter for the boundary torus (cf. ( |11.6D ) is now 

f = if3/2Tx = -1/t (11.9) 

where r is given by ( |C.41| ). 

The inverse relation ( |11.9|) between the modular parameters r, f arises be- 
cause of the difference in our identifications of space and Euclidean time in 
( |C31D , ( |C.4CI| ). Indeed from this viewpoint, Euclidean BTZ is a special case 
of an SL(2,Z) family of instanton configurations [ PP] , |191| |. In the more general 
case we replace the parameter r in ( |C38| ) by 



ar + b fab 
CT + d' , 

and (IC.40I ) is replaced by 



eSL{2,Z) (11.10) 



2u = ;(0 + it) (11-11) 

CT + d 



In [ |191| | an elliptic genus calculated from the boundary CFT is interpreted 
as a sum over this entire SL(2,Z) family of gravitational instantons. In our 
simplified treatment below, only AdS^ and BTZ configurations will dominate 
the path integral. As an upshot of the above discussion is the relation (cf. 



ZAdsir = tP/2n) = ZBTzir = tPo/2n) p, = {Anyp) (11.12) 

We should note that for Euclidean BTZ black hole, the complex temperature 
gets fixed by the geometry (see ( |C.41| )), whereas for Euclidean AdSs the 
complex temperature is for us to specify. 

2. Gauge field: the boundary condition on the gauge fields will not play an 
important role in the following discussion (see Eq. (5.7) of ||191|| for details). 
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Fermions: the above discussion, especially ( 11.6| ),( |rL7 ) points to two non 



trivial cycles of the boundary torus. The fermion fields can have either peri- 
odic (P) or antiperiodic (AP) boundary conditions along either cycle. Thus 
we can have any of the four boundary conditions (P, P), (P, A), (A, P), (A, 
A), where by convention the entry denotes boundary condition along the cy- 
cle + it — s> + it + 2mT and the second entry denotes boundary condition 
along (p + it (p + it + iP,T = i[3/2Ti. In the language of 2D SCFT, a 
periodic boundary condition correspond to Ramond (R) fermions and an an- 
tiperiodic b.c. corresponds to Neveu-Schwarz (NS) fermions. By the remarks 
at the end of Section |2.6.2| (see also Section 6) we find that the BTZ fermions 
correspond to Ramond boundary conditions along the "space" cycle; thus 
a standard Euclidean partition function in BTZ should correspond to the 
boundary condition (P,AP) (thermal fermions represented by Tr {e~^^) hap- 
pen to be antiperiodic along the "time" cycle). We will compute below such 
a partition function. By the duality ( |11.12D this should be related to (AP,P) 
for the fermions in AdSa. This is consistent with the remarks at the end of 
Section p.6.2| (see also Section 6) that AdSa fermions are represented by NS 
boundary conditions at the boundary. 

Finding the Saddle points 

We will evaluate (|11.5|) by finding saddle points of the action subject to the 
specific boundary conditions mentioned above. By virtue of the equation of motion 
R = —Q/P, the Euclidean action 5* of a classical spacetime X is simply its volume 
times a constant. To be precise, 



S{X) = ^Vol(X) 

Vol(X) = dt l^dr r dcpJg (11.13) 

JO Jra Jo 



The ranges of 0, r follow from the identifications mentioned above. The lower limit 
ro of the r-integral is identically zero for AdSa and the conical spaces, whereas for 
BTZ it denotes the location of the horizon (the Euclidean section is defined only 
upto the horizon). The upper limit R is kept as an infrared regulator to make the 
volume finite. We will in practice only be interested in free energies relative to 
AdSs and the /^-dependent divergent term will disappear from that calculation. 

Free energy of BTZ: 

We will now compute the free energy of BTZ relative to AdSs (in a manner 
similar to [^, |189|| ). As detailed in Appendix C, the AdSs solution can be at 



any temperature (3 ( |C.33|) while the temperature of the black hole is fixed to be 
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Po (|U.44| ),( p.41| ) which is given by the geometry. To compare with the AdS^ 
background one must adjust /? so that the geometries of the two manifolds match 
at the hypersurface of radius R (in other words, we must use the same infrared 
regulator on all saddle points of the functional integral). This gives the following 
relation 



1 + P/R^ 
^ 1 - MHyR^ 



11.14) 



S{BTZ) - SiAdS^ 



d xJ^ — / d xJ^ 

BTZ JAdS-i 



npoiR^ -rl)- TT^Rf 



;il.l5) 



Substituting the value of /?o in terms of jS and taking the limit R oo we obtain 



S{BTZ) - S{AdS3 



;ii.i6) 



where the complex temperature (3o is given by Eqns. ( |C4lD ,( p.45| ). Using these 



variables the difference in the action becomes (identifying (3o with /?)[19C 

1 



S{BTZ) - SiAdSs) 
By using ( |11.12| ) we find 



47iPgP 



11.17) 



^(AdSa) 
S{BTZ) 



AtiPgP 



3,4 



471/2^^^ 



Tin 



1 1 



;ii.i8) 



11.19) 



It is clear that at low temperatures the AdSs saddle point dominates the path 
integral, where at high temperatures the BTZ dominates. The transition from 
AdSs at low temperature to BTZ at high temperature is the 3-dimensional analogue 
of the Hawking-Page transition. 

Euclidean Free energy from CFT 
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We should make a remark here to avoid any potential confusion between equations like 



( 11.12 ) and ( 11.14 ); the former equation is a statement that the Euclidean partition function of 
AdSa, corresponds to a certain complex temperature, matches with that of BTZ at a different 
temperature. In calculating the supergravity partition function, however, we want to regard both 
as having the same temperature (i? ^ oo limit of ( 11.14 )); the difference between which bulk 
geometry corresponds to AdSa and which to BTZ arises here by the choice of "space" and "time" 
(see Appendix C.4). 
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The aim of this section is to calculate the partition function of the (4, 4) CFT 
on the orbifold T^'^^'^^ / S^QiQ^). The partition function depends on the boundary- 
conditions of the fermions of the CFT. We will first calculate the partition function 
when the bulk geometry is that of the BTZ black hole. 

CFT partition function corresponding to BTZ 

The fermions of the CFT are periodic along the angular coordinate of the 
cylinder if the bulk geometry is that of the BTZ black hole. This can be seen 
by observing that the zero mass BTZ black hole admits killing vectors which are 
periodic along the angular coordinate Therefore the zero mass BTZ black 



hole correspond to the Ramond sector of the CFT. The general case of the BTZ 
black hole with mass and angular momentum correspond to excited states of the 
CFT over the Ramond vacuum with 

Lo + Lo = Ml (11.20) 

where M and Je are the mass and the (Euclidean) angular momentum of the 
BTZ black hole. Therefore the partition function of the BTZ black hole should 
correspond to 

Z = Trij(e2^^^^0e^^^^-^°) (11.21) 

The Hilbert space of the CFT on the orbifold T^^"^^"^ / S{QiQ^) can be decomposed 
into twisted sectors labeled by the conjugacy classes of the permutation group 
S{QiQ^). The conjugacy classes of the permutation group consists of cyclic groups 
of various lengths. The various conjugacy classes and the multiplicity in which they 
occur in S{QiQr,) can be found from the solutions of the equation 

nNn = Q1Q5 (11.22) 

n=0 

where n is the length of the cycle and Nn is the multiplicity of the cycle. The 
Hilbert space is given by 

n= (g)^^"^^') (11.23) 

J2nN„=QiQ5 ri>0 

S^Ti denotes the symmetrized product of the Hilbert space 7i, times. By the 
symbol we mean the Hilbert space of the twisted sector with a cycle of length 
n in which only states which are invariant under the projection operator 

1 " 

P„ = _ y ^2.ik{L^-Lo) (11.24) 

are retained. The values of Lq or Lq in the twisted sector of length n is of the form 
p/ n where p is positive integer. This projection forces the value of Lq — Lq to be an 
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integer on the twisted sector. It arises because the black hole can exchange only 



integer valued Kaluza-Klein momentum with the bulk |p.08| . 

The dominant contribution to the partition function arises from the maximally 

twisted sector. That is, from the longest single cycle of length Q1Q5. It is given 

by 

Z = J2 d{QiQ^n + m)rf(m)e2™"e2~/^i^5e-2™/^i'?5 (11.25) 
Where ci's are the coefficients defined by the expansion 

^rf(n)e2"'™ (11.26) 



e2(0|r^' 



r/3(r) 



n>0 



In the above equation Z^^ is the partition function of the holomorphic sector of 
the CFT on T^. We will first evaluate the sum 

00 

P(m, t) = Y^ diQiQ.n + m)e2™^ (11.27) 

n=0 

For large values of QiQ^ we can use the asymptotic form of d{QiQ^n + m) 



d{QiQ^n + m) ~ exp [21^ \l QiQ^n + mj (11.28) 

Substituting the above value of d{QiQ^n + m) in P(m, r) we obtain a sum which 
has an integral representation as shown below. 



P(m, t) = Y, ^2nVQTQMi+2ninr ^ ^^^^ (11.29) 
n=l 

= V- dw coth vrcje^"^^^^^^^-^""" + rf(m) 

2 J —CO 2 

where V denotes "principal value" of the integral. 

We are interested in the high temperature limit of the partition function. The 
leading contribution to the integral in the limit r ^ is 



P(m,r) ~ ^mgiQ5/re*"^^^5/2"-^2-WQiQ5 (11.30) 
Substituting the above value of P(m, r) the partition function becomes 



oo 



Z = ^mQiQ^/T J2 rf(m)e-2~/Q^^^ ~ exp (i7rQig5(l/2r - l/2f )) (11.31) 



m=0 

Thus the free energy at high temperatures is given by 



-lnZ = ^^!^ri-i) (11.32) 



r T 
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This exactly agrees with ( |11.19|) with the identification r = i(3^/{2'nl). 

We will not attempt to calculate the AdSs partition function here (with fermion 
b.c. (AP,P)), except to note that by using spectral fiow arguments ||191|| it is 
possible to show that the CFT result agrees with ( 11.18| ). Indeed in ||191|| a more 
general agreement between the CFT elliptic genus and the corresponding AdSs 
quantity is demonstrated for the entire SL(2,Z) family of solutions of which AdSs 
and BTZ are special cases. 

11.2 Conical defects and particles in AdS^i 

In this section we will mention some of the continuing developments regarding 
point particle dynamics and black hole formation in AdSa. 



It has long been noted [|192| , p.93|| that there is a one-parameter family of space- 
times, given by 



I' 



(7 + 



dt^ + 



dr"^ 



7 + 7^ 



+ r" 



11.33) 



which represent the so-called point masses in AdSs. These spacetimes are all 
asymptotically AdSs, and they interpolate between AdSs and BTZ (7 = — M = 1 
is AdSs, 7 = < is BTZ ( J = 0), and 7 = —M G (0, 1) are the conical spaces). 
The conical spaces are called so because they have a defect angle A = 27r(l — ,^7) 
(see Appendix C). The parameter 7 is related to the "mass" of the point particle 
that causes the conical defect. To say it in more detail, consider a free particle (a 
geodesic) g in AdSs, given by 



Yis) 



;ii.34) 



where we have used coordinates ( |C.3| ). The quantities p°' play the role of "mo- 
menta" (see Section |11.2.1| for more detail). For a static particle 



p = m,p = p =0. 
The geodesic ( |11.34|) satisfies, in the coordinates ( |C.9| ), 

^{t) = 0, p{t) = 0. 



;ii.35) 



;ii.36) 



We state without proof here (for more details see Section 11.2.1 ) that the gravita- 
tional back reaction of the point particle ( |11.34D amounts to cutting a wedge out of 
AdSs and identifying the edges. Such an identification is achieved by ( |C19D -( p.22| ). 



String theory emheddinq and CFT duals 



1. It has been shown in ||190|| that the conical space C ( |11.33| ) can be embed- 
ded as a solution of three-dimensional supergravity based on the supergroup 
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SU{1,1\2) X SU{1,1\2) described by (|11.3| ). The latter appears as the low 



energy description of Type IIB string theory on x T'^. At a first sight 
supersymmetrization of conical spaces seems to be an impossibility since 
the candidate Killing spinors |Q typically pick up phases when transported 



around the conical singularity, and therefore are not single valued. It was 
shown in ||194| that this problem could be avoided by employing an extended 



supersymmetry Af = (2, 0) (see ||195|| for the notation Af = {p, q) supergrav- 



ity) and assigning a background value to the gauge field (which occurs in the 
supergravity multiplet). By choosing the background value appropriately 
the gravitational holonomy picked up by the Killing spinors can be cancelled 
by the gauge holonomy. Since the extended supergravity N = (2, 0) can 
be embedded, further, in the SU{1,1\2) x SU{1,1\2) supergravity which is 
J\f = (4,4), the conical space C can be embedded as solutions of this latter 
supergravity. We therefore land up with a solution C x S*^ x of type IIB 
supergravity ||190||. The background value of the SU{2) gauge field is given by 



A = ^'yd(l)T3; from the point of IIB theory this is one of the "Kaluza-Klein" 
gauge fields that appear on reduction on S'^. 



The CFT dual of the conical spaces ( |11.33|) , from this viewpoint, is identified 



190|] as the spectrally fiowed CFT Hilbert space with spectral flow parameter 

V = Vl- (11-37) 

The spectral flow provides a one-parameter interpolation between the NS 
(?7 = 0) and R (77 = 1) sectors of the CFT, just as the conical spaces (param- 
eterized by 7) interpolate between AdSs (7 = 0) and zero- mass BTZ (7 = 1). 
Note that the spectrally flowed energy formula of the CFT ground state: 

Lo|0), = Lo|0), = -^r/2|0),. 

This precisely agrees with the ADM mass of the conical spaces provided one 
uses ( p.1.37] ). Indeed, the free energy at a flnite temperature also agrees with 
the CFT calculation [ |T90|] . 

2. In the above embedding, the identiflcation ( |C.19| ) acts apparently only on 
the AdSs, and not on the x T'^, although the vev of the SU(2) gauge fleld 
indirectly does affect the S^. In [|196| , |197|] a different, though perhaps not 



entirely unrelated, embedding of ( |11.33|) into type IIB theory is used where 
the holonomy acts simultaneously on AdSa as well as on (as we go around 
the conical singularity in AdSs, we also go around a circle in S^), leading to 
an embedding in type IIB theory as (AdSs x S^) /Z x T^. This description 
naturally arise as near-horizon limit of spinning black holes. 
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The CFT dual for the conical spaces in this approach are (a microcanonical 
ensemble of) RR states which depend on the parameter 7 [see [ |196|| , Eqns. 
(118)-(121)]. 



3. For 7 = l/N"^ the conical space ( |11.33| ) becomes the orbifold AdSa/ZTv which 
has an exact world sheet CFT description and hence can be embedded as an 
exact solution in string theory [|198|1 . This can be done in two ways: 

• AdSs/Zjv X X i^. This theory is tachyonic, and forms a model of 
closed string tachyons. 

• {Kd^'i^S^) / Zj^^K . This theory is supersymmetric and has no tachyons. 

The AdS3/CFT2 dual of the conical defect from this viewpoint is given 
in terms of a fractionally moded M = (4, 4) superconformal algebra, 
the fractional moding being given by spectral flow ||198|| from the 
Ramond sector. 

11.2.1 Black hole creation by particle collision 

In 3D gravity (A < 0) there are explicit solutions ||199|| where a BTZ black hole is 



created by point particle collision. We will very briefly mention some salient points 
here: 

• The conical spaces ( [L1.33| ) above are a special case of the conical spacetimes 
for a moving point particle. We will describe here the simplest case of a 
moving particle which turns out be that of a massless particle. In this case, 
the geodesic g (|11.34| ) is specified by the "meomenta" 



=pi =tane,p^ = 0. (11.38) 

In coordinates (|C.9| ) g now satisfies 

(pit) = 0, p{t) = tan(t/2). (11.39) 

The gravitational back-reaction of such a particle can be exactly computed 
and the resulting spacetime is obtained by cutting out a wedge W from AdSs, 
with edges dW = w+ U w_ , 

w± : — ^-ir sin(e ± 0) = sin t sin e 
1 + 

where are w_ are identified. The identification is achieved by quotienting 
AdSs by an isometry as in Eqns. ( C.19 ) and (|C.2C ) with the momenta now 



given by ( |11.38| ). It is clear that the geodesic g (|11.39|) is a fixed point 



set of the quotienting operation ( p.l9|) . Note that under this identification 
Wj^ = = g. Thus a moving particle is described by a wedge W as 



138 



constructed above. The spacetime constructed this way is AdSs/Z, where the 
Z is a discrete subgroup of the isometry group as just described. Hence the 
resulting spacetime remains an exact solution of three-dimensional gravity 
with A < 0. The energy of the particle is related to the parameter e which 
determines the holonomy of the conical spacetime. 

It is easy to generalize the above procedure to construct spacetimes repre- 
senting two particles moving towards each other. Each geodesic, g*^^-* or g^^\ 
represents a wedge, W^^^ or W^'^\ with edges given by 

,(1) . _lP_ 
1 + 



. — — ^ sin(e ± 0) = sint sine 



(2) 2p • / _L • 4 • 

w)- . sm e ± = — sm r sm e 

Like before w^^ = w^^^ = g*-^^ under the holonomy matrix u*^^-* = 1 + 
tane(7o + 7i) and similarly for the second particle. The full spacetime is 
represented in terms of two charts, one obtained by quotienting with the 
holonomy matrix and the other one by quotienting with 

Once again, the full spacetime is AdS^/Z, where the quotienting is by a dis- 
crete isometry subgroup; hence the resulting spacetime is an exact solution 
of AdSs-gravity. 

Since the above construction gives the full spacetime, the time-development 
of the collision process is computed by looking at the Poincare discs (see 
definition near ( p.9|) ) at various times t. Thus, on the Poincare disc cor- 
responding to t = 0, the two wedges W^^^ and W^'^'^ meet; this, therefore 
represents the time when the two massless particles collide . At later times 
t > 0, the Poincare discs exhibit a single wedge (the two wedges get identi- 
fied!) which corresponds to the worldline 

= sin(t) tan(e) (11.40) 

For energies e low enough so that 7r/4 > e > 0, tan(e) < 1. It is easy 
to verify that (|11.40 ) then represents a timelike worldline. In this energy 



range, therefore, the collision of two massless particles results in a single 
massive particle (see Figure 5, ||199|| ). For higher energies 7r/2 > e > 7r/4, 



z.e. 



tan(e) > 1, hence the geodesic ( |11.40| ) is spacelike. As shown in 



this spacelike worldline is identified with the future singularity of a BTZ black 



hole (see Figure 6, ||199|| ). Indeed the holonomy matrix is identified as exactly 
the one appropriate for a BTZ black hole. 

The spacetime constructed this way therefore corresponds to formation of a 
BTZ black hole by a collision of two particles. Once again, since the identifi- 
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cations used correspond to discrete isometries, we have an exact solution of 
AdSs gravity. 



The embedding of the above solutions in string theory or AdSa supergravity 
remains an open problem, although it is likely that the constructions described 
here will admit straightforward generalizations. A more interesting problem is to 
understand the CFT dual of these solutions. If we succeed in applying any one 
of the candidate CFT duals of conical spaces as described above, we will have a 
unitary quantum mechanical description of black hole formation. 

We should mention that black hole formation in three dimensions can also be 



described as a collapsing scalar field confiuration [200| or as collpsing dust shells 



201]. The former process, which exhibits a critical scaling behaviour, has been 



discussed in the context of AdS3/CFT2 correspondence in [p02|| . CFT duals of 



collapsing dust shell solutions in AdS spaces are discussed in detail in |p03| , |204 
p05| . 
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12. Concluding remarks and open problems 



In this Report (see Section |1.4| for a more detailed summary) we have presented 



a detailed calculable formalism of the near extremal black hole (Sections 2,3) of 
type JIB string theory in terms of the D1-D5 system of branes (Sections 4,5). We 
discussed (Section 8) how for this black hole the thermodynamics and also the rates 
of Hawking radiation of all the massless particles can be reproduced from string 
theory to match the results derived in supergravity. The facility of extrapolating 
weak coupling calculations to the strong coupling regime owes to the high degree 
of supersymmetry that exists in the effective Lagrangian of the low energy degrees 
of freedom in the string theory (Sections 7,9). As we emphasized in this Report, 
a crucial input (Section 6) in the calculation of Hawking rates comes from the 
AdS/CFT correspondence of Maldacena |^ without which the Hawking radiation 



from some massless scalars is impossible to calculate from CFT (in particular, we 
saw in Sections |8.7| and ^.6.1| that we get incorrect results if we use the earlier DBI 



approach to derive the interaction of the D1-D5 bound state with the Hawking 
quanta). We also presented a review of AdS3/CFT2 correspondence beyond the 
supergravity approximation (using the NS5 version, see Section 10), and some 
applications of this correspondence for black hole formation in three dimensions 
(Section 11) by thermal transition and by collision of point particles. 

In the light of what is achieved the following open problems naturally suggest 
themselves: 

1. The emergence of AdSslxS^) spacetime from the the Af = (4,4) SCFT is 
an open important open problem. In the context of AdS^ x Dorey et 
al [|206|| (see also [|207|| ) have argued that this spacetime emerges from the 



moduli and the fermion zero modes associated with the large N saddle point 
of the dual Af = 4 SUSY gauge theory. Another approach to the question 
of how the radial direction of the AdS space arises from the viewpoint of 
the boundary theory is via Liouville theory where the Liouville or conformal 



degree of freedom is interpreted as a space dimension |P08| , |209| , |210| , pil 
For a recent discussion of formulation of holography in AdS^ using Liouville 
theory see |^12| , p^l3|| . Also see | |214|| for a discussion of black hole creation by 



point particles using Liouville theory. 

2. Although the D1-D5 system provides a correct derivation of the black hole 
entropy, there is no precise understanding of why the entropy is given by the 
area of the event horizon. The reason why we lack this understanding is that 
the counting of microstates (see Section 8) is peformed in the dual theory. 
An important question to answer is to understand these states in the lan- 
guage of supergravity/string theory. Related questions have been discussed 
in PTR |216|| . See also ||217|| where a conformal algebra is constructed in AdSa 
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supergravity with a central charge that coincides with that of the boundary 
CFT obtained from the D1-D5 system. 

3. A matrix string description of the D1-D5 black hole was proposed in |pl8|| . 
It will be interesting to make a detailed comparison between this work and 
the microscopic formulation presented in this Report. 

4. Most of the discussion (especially where it involves the micro-description) in 
the present Report involves BPS or near-BPS black holes. There is a vast 
amount of literature on nonsupersymmetric black holes in supergravity, but 
we are quite far from a microscopic understanding of them. Works which 
address this problem include 



DO brane blackholes (see pi9|| and references therein): Quantum me- 
chanics of DO branes at a finite temperature is analysed at large 
'tHooft coupling QsN , using a mean-field theory approximation. This 
leads to an entropy in good agreement (over a cetain range of tempera- 
tures) with the Bekenstein-Hawking entropy of a ten dimensional type 
IIA black hole carrying 0-brane charge. 

Correspondence principle and string-black hole phase transitions (see 
also Section 11.3): It has been shown 0, ^ that the entropy formula 
for a large class of nonsupersymmetric black holes agrees with that for 
a highly excited string state (with the same mass and charge) at a 
correspondence point where the curvature at the horizon becomes of 
the order of the string scale. This suggests a phase transition |3^, ^| 
from a string state to a black hole (see also ||220| , |221|| ). A precise 
understanding of such a transition is obviously important. 

Closed string tachyons and black hole entropy [p22|| : A string theoretic 
version is suggested of the Gibbons-Hawking derivation of entropy 
of a Schwarzschild black hole. The Schwarzschild black hole is in fact 
replaced by a cone for computing the entropy. The corresponding orb- 
ifold string theory has a closed string tachyon whose dynamics is dealt 
with using the techniques of [[^23|| . It is obvious interest to understand 
this calculation in terms of miscrostates. 



5. One of the potential applications of the AdS/CFT correspondence (espe- 
cially in the conext of AdSa) is black hole dynamics. In Section 11.2 we 
briefly discussed the problem of black hole formation by particle collisions in 
AdS3(see also |P02|| which discusses Choptuik scaling ||200|| in the context of 
AdS3/CFT2 correspondence). Clearly, the problem of evaporation of black 
holes too maps into interesting time dependent phenomena in the dual gauge 
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theory/ CFT. The Euchdean Ads/CFT correspondence describes equihbrium 
physics; the approach to this equihbrium is an important unsolved problem. 



6. Issues of singularities and the D1-D5 system: The D1-D5 system (with K3 
compactification) has been used to resolve naked singularities [|^. The de- 
tailed understanding of this mechanism is an important problem, especially 
in what precise sense the gauge theory acts as a source for the geometry, and 
how precisely the "matching" of the gauge theory and the geometry can be 
understood. 

7. Recently ||224|| a particular scaling limit of AdS spaces ( "pp wave" ) is found 



where string theory in the Ramond-Ramond background is solved exactly, 
leading to new insights into the AdS/CFT correspondence. It is important to 
explore the consequences for the D1-D5 system, in particular to understand 
from the CFT the IIB string spectrum in the pp-wave limit of AdS^ x 



8. We found in Section |2.6.3| that the two dimensional black hole |9J, ^ 



arises as a limit of the non-extremal 5-brane. In [|226|| a holographic descrip- 
tion of the two dimensional black hole is proposed in terms of a quantum 
mechanical matrix model. It will be interesting to see how this matrix model 
fits into (a holographic description of) the five-brane theory, e.g. whether 
it can perhaps lead to the phenomenological model of ||227|| consisting of 
a gas of strings on the five brane (with tension 1 / (27iQ^gsa') and central 
charge = 6), that gives the Bekenstein-Hawking entropy of this black hole 
S = UqQymVQI- It will be interesting to compare both these approaches with 
the recent calculation 



of the partition function of the two-dimensional 



black hole. 
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A. Euclidean derivation of Hawking temperature 



We will present a derivation (the purist may regard this as a "mnemonic for a 
derivation" , for more detailed accounts see, e.g. [l|, ^) of Hawking temperature 
for a class of black holes represented by the metric 



-F{r)C{r)dt^ + dr'^/C{r) + H{rydn^ 



(A.l) 



which of course include ( |1.2| ) and ( |1.3| ). The black hole could be three, four or 
higher dimensional, the number of angles represented by dQ"^ varying accordingly. 

We will assume that C{r) vanishes at the real value r = and is non- vanishing 
for r > Th {C{r) = can have smaller roots than rh', they are irrelevant for the 
present discussion). We will also assume that F(r) and H{r) are smooth and 
positive for r > r^. For asymptotically flat black holes, C{r), F{r), H{r) ^ 1 as 
r —>■ oo. r = Th will correspond to the location of the event horizon. 

We will focus our attention near r = Vh, where 



C{r)=C'ir,)ir-rf,) + Oir-r,f 
It is useful to define a new radial coordinate p: 

dp^ = dr'^/C{r),r Gjr^, oo], p g]0, oo] 
In the near-horizon region ( |A.2| ) 

2, 



P 



Ir - Th 



The near-horizon metric is given by 



[l + 0{r-r,,)] 



The Euclidean continuation t 



-IT is given by 



ds^ = -dt'F{r,) [C'{n)f '- + dp^ + H{ru)rld^' 



dsl = dr^Fin) [C"(r,)]' j + V + ^dQ^ 



(A.2) 



(A.3) 



(A.4) 



(A.5) 



(A.6) 



If we require the r, p plane not to have a conical singularity [|28| , we must assign 
the following periodicity 



T = T + P, p 

To see this, write r = {P/2n){p, so that 

dip'p^ 



C'{rh)jF{rh 



(A.7) 



ds% 



PC'{ru)jF{rn 



An 



+ dp^ + H{rh)rldn' 
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Absence of conical singularity implies that the quantity inside the square brackets 
must be equal to one. 

A periodic Euclidean time with period (3 implies a temperature 



Th = n/P = (A.9) 



Example 1: for the RN black hole ( |1.3|) , Vh = r+,C(r) = (1 — r_/r)(l 



r^/r), F{r) = 1, hence C'{rh) = (r+ — r_)/r^, leading to (pTT]). 



Example 2: for the non-extremal five-dimensional black hole ( |2.4CI| ), 

ro,C{r) = hf-^/\F{r) = f-^/^,H{r) = f^l\ hence 



C'(r,)/F(^ = /i'(ro)/(ro)"i/2 ^ ^^r^i (cosh(ai) cosh(a5) cosh(a„))-^ 
leading to ( p.45| ). 



Entropy and the first law 

We note that the entropy (|1.1CI|) , namely 



nr'^ 



together with ( [A .91) , satisfies the first law of thermodynamics (|1.9| ). E.g. for the 



RN black hole ( p..3|) , consider two neighbouring states, differing in the value of r_| 
(but having the same value of r_). Using $ = Aoirh) = Q/r+, we get 

MQ = —QdQ = dr+ 
r _|_ /Givr + 

_ r+ - r_ nrl r+ - r_ 

ij^CXD — — K — Ct- 



47rr| Gn 2GNr+ 
dM = d^-^ = -^dr+ = TndS + ^dQ (A.ll) 

In the first line we have used = r^r_/GN =^ QdQ = ^d{Q^) = ^^dr^. 
We thus verify Eqn. (|1.9| ). 



145 



B. A heuristic motivation for Rules 1 and 2 in Section (2.4) 



We present a brief, heuristic, motivation for the algorithm of section |2]^. Suppose 
we view a static Schwarzschild black hole, of ADM mass m, from the viewpoint of 
the five-dimensional {R^ x S^) Kaluza-Klein theory (we use coordinates for 
and for the S^). The 5-momentum {po,p,P5) would be given by 

Po = m, ps oc charge = 0, p = (B.l) 

The p5 equation follows because the Schwarzschild black hole is neutral. 

A way of generating charged solutions (see, e.g., ||229| , p30| , p31|| for details) is to 
unwrap the above solution in five non-compact dimensions, perform a boost in the 
0-5 plane (which is a symmetry of the non-compact theory), and compactify the 
new direction to get a charged (RN) black hole in four non-compact dimensions. 
The momenta should transform as 

p'q = M = m cosh 5, p^ = Q = msinh5, = (B.2) 

In the above, we have absorbed the factor of radius in the definition of the charge so 
that the extremality condition reads M = Q. The extremal limit can be attained 

by 

S — *• oo, m — »• 0, me^ — *• constant (B.3) 

so that 

Q^M = me'/2, p'^ = p'^ - p'^ ^ (B.4) 

Near-extremal limit 

The near-extremal limit is obtained by keeping the leading corrections in the 
expansion parameter e~^. Thus, 

Q/M = tanh 5 ~ 1 - my{2Q'), p'j, « p'^, p'^ = Po + P^ (B.5) 

In terms of these parameters, the four-dimensional metric for a near-extremal 
charged (RN) black hole is given by 

-fdt^ + f-^dr^ + r^dQl 
1 _ 2M/r + QVr^ = f,,,h{r) 
(l-Q/r)2, h{r) = {1 ~ f,/r) 

m^Q (B.6) 
The last equality implies 

Q = fx smiles, (B.7) 

same as ( |2.36| ) above. Also, the second equality agrees with Rule 1 for relating the 
non-extremal gu,grr to their extremal counterparts. 



(iS4 = 
/ext = 
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Of course, we have considered here only the near-extremal case. The remark- 
able thing about the algorithm mentioned in Section is that it works for arbi- 
trary deviations from extremality. 
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C. Coordinate systems for AdSs and related spaces 



For a more detailed discussion and derivations, see, e.g. [^, p32|| . This Appendix is 



meant to serve as a compendium of some definitions and results about the geometry 
of AdSs and related spaces. We discuss both Lorentzian and Euclidean signatures. 

C.l AdSs 

AdSa is defined hyperboloid 

-Y^ - Y\ + + Y^ = Y+Y_ + ^p^^ = 

M=0,1 

in i?^'^ with metric 

ds'^ = -dY^ - dY\ + dY^ + dY^ = dY^dY^" + dY+dY_ (C.2) 

Here Y± = Y2±Y^i. The condition ( |C.1| ) can be equivalently stated by saying that 
a point in AdSs is represented by an SL(2) matrix (1//)Y where 

Y = r_il + y"7„ a = 0,l,2 (C.3) 

where 

Global coordinates: 

y_i =/ cosh sin t; Yq = ^ cosh yU cos t 

Yi = I sinh fi cos 0; Y2 = I sinh fi sin (C.5) 

The metric is 

ds"^ = ( - cosh^ fi dt^ + d^i^ + sinh^ d^^) (C.6) 
By redefining sinh fi = r/l we get 

ds' = l'[-{l + "^) de + + ^^02] (C.7) 

Range of coordinates: G [0,27r], /i (equivalently r) G (0, 00), t G [0, 27r] (C.8) 

If we unwrap t to the range t G (— cxo, cxo) we get the so-called CAdS3( covering 
space) which is geodesically complete. 

There is another popular form, given by the coordinate transformation p = 
tanh(/i/2), leading to 

ds' = - ([^) ' dt^ + (^) ' {dp' + pW) (C.9) 
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The section at any given t has the metric of a disc, called the Poincare disc. 
Poincare coordinates : 

f/u, Y^ = lx^/u 



(y_ determined by ( |(J.1| )). The metric is 



ds^ = —( du^ + dx^'dx.) (C.IO) 

Range: u G (0, oo), a;° = t G (—00, 00), x^ G (—00, 00): covers a half of AdSs QCll) . 
C.2 BTZ black hole 



The three-dimensional black hole |232|| in an asymptotically AdS spacetime 
(A := —1//^), of mass M and angular momentum J, is given by the metric 



ds' 



-N\r)dt^ + dr^N^ir) + {N^{r)dt + dcj))' 



, . ,J.. , . _J_ 

2^ 



Range : t G (—00, 00), r G (0, 00), G [0, 27r]. 
Properties: 

• The lapse function N{r) vanishes at r = r-t where 



(C.ll) 



r± = I 



f |1±W1 



■Ml' 



1/2 



(C.12) 



(C.13) 



Thus, 

r+ corresponds to the event horizon. 
5,Q0 = -iV(r)2 + r^N^{ry = ^ - M vanishes at 

rerg = IVm 

which represents the surface of infinite red-shift. 

These three special values of r satisfy r_ < r+ < r^j-g. The region between 
r+ and Tgrg is called the "ergosphere" . 



Furthermore, the above black hole (|C.11|) can be obtained as a quotient of the 
AdSgspace O. We show this for the J = 0, M > BTZ, given by 



ds' 



df + 



1 -1 



dr^ + r 



(C.14) 
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In the patch Y^^ > Y{, Y^f < Y{ we define 



M 



cosh(/)VM, Fr 



^0 



M 



\ 1/2 

sinh ■ 



1/2 



sinh 0V M, Y2 = — cosh 



/ 



(C.15) 



With this, the metric (^) coincides with ( ICn^) . In dCTT^ ) the angle = + 27r. 
This implies, through ( |C.15| ) a discrete quotienting of the original hyperboloid. We 
thus find that the BTZ metric is equivalent to AdSs/Z. (We have shown this here 
in a certain coordinate patch, but it can be proved more generally [ p32|| .) 



C.3 Conical spaces 



( f — \ d/T^ 



2 J J,2 



7 + 



(C.16) 



Range: r G (0, oo),t G {—oo, oo), (j) G [0, 2n]. 
Define r = ^f, t = i/^,(f) = (f)/^, get 



^2 ^ 



+ +TT¥ + 



(C.17) 
(C.18) 



Range: G [0,271^/7]. 
Defect angle A = 27r(l - 
Conic as AdS^/Z 

We will show that ( |C.17| ) can be obtained from ( |C.1|) , (|C^ modulo the follow- 
ing identification (using the notation of ( p.3| )) 

Y = u^Yu (C.19) 

The holonomy matrix u is given by the momentum p", a = 0, 1, 2 of the particle: 

u = Ml+p'^7, (C.20) 

In case of a static particle, of mass m 

pO = =p2 = 0. (C.21) 



Hence u = ul + m^o, where u = Vl — m? by the SL(2) condition. The identifica- 
tion ( |C.19| ), affects only the components Yi, Y2 and reads 

(Yi\_( l-2m2 -2mVl -m2\ fYi\ 
V ^2 / " V 2mVl - m? 1 - 2m2 / V F2 / 
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Note that the matrix is an 5*0(2) rotation matrix with cos (a) = 1 — 2m^. In terms 
of the coordinates ( p.5|) , (|C.17|) this imphes an identification 

= + cos^^(l - 2m^) 

Comparing with (|C.18| ) we get a relation between the parameter 7 and the mass 
m 

l-2m^ = cos(27r7^) (C.22) 
C.4 Euclidean sections and Thermal Physics 

Euclidean AdSscan be defined by the global coordinates of ( |(J.7[ ) with the replace- 
ment t = —it, leading to the metric 



where (cf. (^1) 



^) rft^ + + rW] (C.23) 

' -L + 72" 



= + 27r (C.24) 

Like ( p.3| ) in the Lorentzian point in Euclidean AdSs can be alternatively 

defined as a hermitian matrix (1//)Y of unit determinant (the space of such ma- 
trices is called H) where 

Y = r_il + F"7,, a = 0,l,2 (C.25) 

and the new 7 matrices are obtained by replacing 70 in ( |C.4D by 70 = ^7o. The 
determinant condition now reads 

-Y\ + + + Y^ = -l^ (C.26) 

The metric in this parameterization is 

ds"^ = TrrfY^ = + dY^ + dY^ + dY^ (C.27) 

To make contact with the global coordinates of ( |C.23| ) we first introduce the by 
the following parameterization of H 



' yOe-^") \ rjl Jl + r^lP } \a e-" ) ^ ' 



In order to cover H only once, we must identify 

2u = 2u + i2mT (C.29) 

The metric ( |C.27D then becomes 

-{du + duY dr"^ 



ds' = I' 



+ 1 , 9/,9 - T^idu-duY (C.30) 



1+ryp 1+ryP P 
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A comparison of the peroidicities (|C.29|) and ( |C.24|) suggests that we define 

2u = t + i^. (C.31) 

With this definition we recover (|C.23|) from (|C.30|) . 

For Euchdean AdSs, the periodicity in the t direction is to be supphed as an 
input from physics. A thermal ensemble implies in the usual fashion t = t + 1/T. 
In addition to a temperature one may want to introduce an angular potential 
(conjugate to angular momentum J ~ id/d(f))] such an ensemble, described by 
Tr exp[— if/T + i$J] implies a more general (twisted) identification 

(j) + it = (j) + it + <l> + i/T:=(j) + it + if3 (C.32) 

where the second step is a definition of the "complex temperature" (cf. ( |A.7| )) 

/3=l/T-2$ (C.33) 

Euclidean Poincare coordinates 

The Euclidean verison of ( |C.10| ) is defined by 

Y/l- 

The metric (|C.27D becomes 

2 1 / 

ds = TT- I dwdw + dh 



e" 
e"" 



h + WW /h w/h 
w/h 1/h 



(C.34) 



(C.35) 



Euclidean BTZ 



Euclidean BTZ is usually defined by defining t = —it, Je = iJ in ( |C.11|) : 



ds' 



dt' + 



-1 



dr + 



iJE 
2r2 



n 2 



dt + 



(C.36) 
where (cf. ( prTTD ) 

^ = (j) + 2TT (C.37) 
Like in the Lorentzian case, we can obtain the metric ( P.36|) as EBTZ= EAdSs/Z 



191|| , as follows. Define a quotient of ( |C.25| ), by |9 



Y 







Y 



e-'^^ 



In terms of (|C.28|) the above identification ( |C.38| ) reads 

2u = 2u + 27rmr 



(C.38) 



(C.39) 
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Note that this identification is in addition to ( C.29 ). The two identifications de- 
fines for us two independent cycles in the w-plane. We will show below that the 
description ( |C36[ ) follows by identifying the cycle ( |C.39| ) with the "space" cycle, 
namely ( |U.37|) . This can be easily done by defining 



2u = —iTid) + it) 



(C.40) 



The cycle ( |C29D now becomes the "time", unlike in the case of thermal AdSs, 
where it was "space" . If we define 



r = r_ 



and a new radial coordinate f in terms of the r of (|C.28|) , as follows 

f2 112 _ 2 



(C.41) 



(C.42) 



where 



(note that r_ 



M2/2 



(C.43) 



i\r. 



is purely imaginary), then the metric on H, for r > r_|_. 



becomes ( P.36|) once we drop the tilde from r. Temperat 



ure 



Note that the periodicity along the new "time" cycle ( |C.29|) , through ( |C.4CI|) 
implies the following complex periodicity (complex temperature) 



+ it = (p + it + iPo, 
/3o =2mil/r) 



27rrj 



^2 



. 27r|r_| 

^2 ^2 



(C.44) 



The real temperature Tq = (3ft/3o) ^ is given by 

To 



^2 ^2 



27rr I 



(C.45) 



which agrees with the expression in p2|. 

Entropy 

As can be derived from the partition function calculation in Section 11.1, the 
entropy of the BTZ black hole is given by |92] 

27rr I 



S 



4G 



(3) 
N 



(C.46) 



which of course agrees with the Bekenstein-Hawking formula ( |1.10|) as well. 
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